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1 Programming with Python

In this section, we’ll provide you with a brief overview of the Python Pro-
gramming Language, the language used for the labs in this course. If you're
a mechanical engineer, it’s likely you’ve come from a course like E7 (Intro to
Computer Programming for Scientists and Engineers), where you learned to
code in MATLAB.

Just like MATLAB, Python is a programming language where you can code
anything you want! Why use it? Python is one of the most popular program-
ming languages out there, and is gaining popularity in almost every field. A few
of the reasons for this are:

1. It’s easy to read and write! Whereas other programming languages
can often be cumbersome to write in, Python is a very “readable” pro-
gramming language.

2. It’s open source. Unlike MATLAB, which is licensed and distributed
by the company MathWorks for a fee, Python is entirely free.

3. It’s widely used. According to Northeastern University, Python is cur-
rently one of the most popular programming languages in the world.

In ME 100, you’ll become familiar with Python, and will come to appreciate
the elegance and power of the language.

In this chapter, we’ll review some of basic programming concepts and strategies,
and show you side by side comparisons of programs in MATLAB and their
equivalents in Python to get you up to speed in the language.

1.1 Programming Preliminaries
1.1.1 The Command Line Interface

As you may recall, in MATLAB, after you’ve finished writing your program
you use the “command window” to run it. With Python, and many other
programming languages, you use a similar but much more powerful command
line, one that has access to a variety of computer functions.

fe>> |

Above: The MATLAB command window (found at the bottom of every
MATLAB window)

Before we get started writing programs in Python, it’s important to learn your
way around your computer’s command line, or ‘terminal,” interface.


https://www.northeastern.edu/graduate/blog/most-popular-programming-languages/
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By typing “command prompt” on Windows or “terminal” on Mac into your
search bar, you’ll open a window that looks similar to the following:

‘'ommand Prompt — [m] X

Above: The Windows command prompt (note that your computer username
will appear after ‘Users’)

All the way to the left of your command prompt, you’ll find a line that says
‘C:\Users\username>’. This is the directory that your computer is currently
in. You can think of the directory as your “location” in the computer.
Although this may seem like new terminology, you’ve been using directories ever
since you first turned your computer on! Every folder when you open up your
file explorer - from desktop, to documents, downloads, and more - is a directory.
These are all locations in your computer.

How do we move to a different directory? The “cd”! command (change directory)
may be typed into the command prompt to help us navigate through our com-
puter’s file system.

As an example, let’s see how we change to the desktop directory from our start-
ing, or “root” directory. Type in the command “cd Desktop” to change to the
desktop directory.

C:\Users\mzdes>cd Desktop

C:\Users\mzdes\Desktop>

As you can see by the second line, we’ve now successfully navigated to the
desktop directory.

Now that we’re in our desktop directory, we might want to create a new directory
(folder) to store our ME 100 class files in. Instead of doing this from the file

LComputer commands will be bolded in this chapter
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explorer, let’s try it from the command line!
To make a new directory, type “mkdir name”, where “name” is the name you
want for your new folder.

C:\Users\mzdes\Desktop>mkdir mel10@

After hitting enter, you’ll have created your new ME 100 directory. Congratu-
lations! Try navigating to your new directory by using the cd command.

Now that we’ve made and entered our new directory, what happens if we want
to go back? To go back by one directory, type the command “cd ..”. To go all
the way back to your root directory, simply type “cd”.

When working on the command line, it’s often easy to get lost among all the
commands and folder names. To help navigate the command line, and to help
avoid getting lost in your system’s vast storage, the command “dir” (Is for Mac
users) helps you find where you are. Typing this command gives you a list of
all the files and folders in your current directory.

The following table outlines a set of useful command line commands:

Action ‘ Command
Change Directory cd < name >
Move Back cd ..
List files dir (‘ls’ for Mac)

Make a new directory | mkdir < name >

Let’s get started with some Python!

1.1.2 Installing Python

Before you begin programming, it’s important to make sure you have Python
installed on your computer. If you're on Mac or Linux, it’s likely you already
have Python installed, but if you're on Windows and have never used Python
before, you'll need to complete a fresh install.

Follow the following steps to get Python up and running on your PC:

1. Go to the Python website. Under the downloads tab, find “all releases,”
and click the Download for Windows option.

2. After downloading the Python installer, click on it to run. Go through
the setup, following the default options. Make sure to check off “Add
Python 3.X to PATH.” This is an important step for making sure
Python is easily accessible from the command line.


https://www.python.org/
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5 Python 3.6.0 (64-bit) Setup - X

/ Install Python 3.6.0 (64-bit)
_/ Select Install Now tao install Python with default settings, or choose

Customize to enable or disable features.
© Install Now
Ci\Users\Jack\AppData\Local\Pragrams\Python'Pythan36

Includes IDLE, pip and documentation
Creates shortcuts and file associations

— Customize installation
Choose location and features

pgthi()_n

Install launcher for all users (recommended)

windows | AAdd Python 3.6 to PaTH || Cancel

3. Finish the steps in the installer. Python will now be installed!

1.1.3 Basic Python Commands

Now that we know the basics of the command line, we can introduce the Python
Programming language.

As you may recall, when writing MATLAB, you had to open up an application
and hit “run” to execute your programs. With Python, the process is slightly
different!

In Python, we can run our programs and write Python code directly from our
computer command line. Type ‘python’ (python3 for Mac users) into your
terminal and hit ‘enter’ to get started. Your terminal should now look something
like this:

98) [MSC v.1916 64 bit (AMDE4)] :: Anaco Inc. on win

but the e

Above: Note - Don’t worry if you get a warning - as long as you see the >>>,
you’re ready to get programming!

Whenever you see ‘>>>" in your terminal window, know that whatever com-
mand you type will now be interpreted by the computer as a Python command.
Command line commands such as c¢d or mkdir will thus no longer be under-
stood!

Let’s start with a basic print statement. To print the text “ME 100” in Python,
type “print(‘ME 100°)”. This is comparable to writing “disp(‘ME 100)” in
MATLAB.

Let’s look at what happens when we use the print command in the terminal
window:
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»>>> print("hello world")
hello world

2 3

As you can see, the message in quotes is printed to the terminal in the line
below the command. Note that in Python, it doesn’t matter whether you use
single or double quotes around strings - just stay consistent with your choice!
Just as we may use the print function in the terminal, we can use any other
function built into Python. Below, we present the notation for basic arithmetic.
Note that exponents in python don’t use the carrot symbol from MATLAB, but
rather use % instead.

In the table below, you’ll find the basic math operations in Python:

Operation Command
Addition +
Subtraction —
Multiplication *
FExponentiation *ok
Division /
Floor division //
Modulo (remainder) %

Note that in Python, unlike in MATLAB, we don’t include a ‘;’ at the end
of every line. Python instead automatically recognizes each new line as a new
command.

To exit Python and return to your normal command line, simply type exit()
into the terminal window.

1.1.4 Variables and Data Types

In every programming language, we use variables to store information for future
use. In Python, the way in which we define and use variables is much the same.
Variables are assigned values using the = sign. In the image below, you’ll find
variables of several important data types.
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None

Let’s review the details of some important Python data types.

Integers work slightly differently to MATLAB. In MATLAB, we commonly
allocate the size allowed for an integer by writing ‘int8’ or ‘int16’, for example.
In python, however, the size is automatically allocated, and there is only a single
‘int’ type.

Boolean values are either True or False. Note that writing out True/False is
not the only way of writing boolean valued variables in Python. Other False
values include but are not limited to None, 0, and the empty list [ ], while True
values are everything else.

What does this mean? Python will actually evaluate things like the integer
1000, the string “ME 100” and more as True!

#examples of True Values:
True

1

10

‘x7

; ‘ME 100°

Floats are floating point decimals. Note that the output of a division operation
will always be a float, no matter if the two numbers divide evenly or not.
Lists are 1-dimensional arrays of numbers. Denoted by square brackets [ |, their
elements are separated by commas. Note that elements of a list do not have to
have the same data type.

Just as in MATLAB, we may access the elements of a list by indexing into
the list. Unlike MATLAB, however, Python (and most other programming
languages) assigns the first element an index of 0, rather than 1. For the list b
in the above image, for example, typing in b[0] will return 1, the first element.
Typing in b[-1] conveniently returns the last element of the list, ‘z’. len(b), for
a list named b, will return the length of the list. Unlike MATLAB, Python does
not have built-in support for matrices.?

In the below example, we create another list, x*:

#define a list ‘x’

x = [1, "ME 100", 3, True, 5]

x[0] #access and print the 1st element
>>> 1

5 x[-1]

5 >>> b

2The NumPy library adds matrix operations to Python if you’d like to work with them in
your code.

3Note that in code examples, “>>>” represents Python’s output, not code that you have
to write.

10
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len(x)

>>> b

Strings are sequences of characters. You may index a string to work with
elements just as you would with a list. Strings may be joined together, or
‘concatenated,” with the ‘+’ operator.

3

#define a string ‘y’
y = ‘hello’
y [0]
>>> ‘h’
z = ¢ there’
5 ytz

>>> ‘hello there’

1.1.5 Text Editors

Now that we've begun to write basic Python statements from the command
line, you might be wondering how we can write larger Python programs and
save our files?

To do this, we use what’s called a text editor. A text editor is a code-writing
application that lets us conveniently write, edit, save, and run code. Think of
it like Microsoft Word, but for writing programs!

The following are some popular text editors.

1. Visual Studio Code (Has a very useful built-in command prompt fea-
ture, requires very little setup)

2. Sublime Text
3. Atom

4. Vim (Not recommended unless you have prior experience)

In the following sections, we’ll be using Visual Studio Code (VS Code) to write
our programs, but feel free to use the text editor you like the best!

Above: The VS Code interface. Notice the built-in terminal window at the base
of the screen, which can be useful for quick debugging and running of programs.

11
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Beyond simple text editors, more advanced editors called Integrated Develop-
ment Environments (IDEs), similar to the MATLAB interface, are available.
These provide extra support in a wide range of avenues, from debugging to test-
ing and beyond. If you're interested in trying a popular Python IDE, PyCharm
is a great place to start. Note that for the purposes of ME 100, however, it’ll
mostly be easier to use a normal text editor such as VS Code.

1.1.6 Using Visual Studio Code

In this section, we’ll assume you've downloaded VS Code and are using it as
your text editor for the course. Note that the topics discussed in this section
are very transferable to other editors. Let’s begin!

When you open VS Code, the first thing you should do is open the directory
you’ll be working in. Let’s use our ME 100 directory from earlier.

To open this directory, go to file/open folder, and select the ME 100 folder you
created in the command line tutorial (or any other directory you’d like to work
in). Next, now that you're in your ME 100 folder, click file/new file.

When you create a file, it’s good practice to save it right away! This is im-
portant so VS Code recognizes that your file is a Python file. Save your file as
“name.py”. The “.py” extension allows VS Code to recognize the language and
make it easier for you to write in Python! Python code will now have colored
highlights to help identify types of commands.

Next, we’ll open up a built-in terminal inside VS Code. To open a built-in
terminal, go to the menu at the top and select terminal/new terminal.

Now, we're ready to learn more about the structure of Python code.

1.2 Programming Concepts
1.2.1 If-Statements

When writing code, we often want our program to make decisions and execute
pieces of code depending on whether certain conditions are met. We do this
using an “if” statement.
To use an if statement in Python, we type “if”, followed by a logical expression
that evaluates to a True or False value (such as 2 > 1 or a <= 1b), a colon, and
then our block of code to be executed should the expression be true.
if expression: #if true

code block #evaluate code

If we want to evaluate for multiple conditions, we use the following:

if expression P:
code block 1

elif expression Q:
code block 2

5 elif expression R:

code block 3
else:
code block 4

12
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Above, we see that we use the command “elif” when we have multiple logical
expressions. Note that the command “else” is optional, and does not have a
logical statement - the “else” code block is executed if and only if none of the
other expressions are true.

Below, you’ll find the equivalent expression to the above in MATLAB.

if expression P
code block 1

; elseif expression Q

code block 2
elseif expression R
code block 3

else
code block 4
end

Below, you’ll find a table of common logical comparisons in Python:

Operation Python Command

Greater than >

Greater than or equal >=
Less than <

Less than or equal <=

FEqual ==

Not equal =

Logical and and
Logical or or

Logical not not

Make a special note of the equal to logical expression (==). Make sure that
when you're trying to compare two values, you use x==y, rather than x=y.
A single equals sign denotes assignment (sets the value of x to be y), while a
double equals sign denotes comparison (asks if x is equal to y).

1.2.2 Loops and Iteration

Iteration, the process of repeating a block of code, is a common procedure in
programming. Similar to MATLAB, Python is able to achieve this with both
while and for loops. Let’s examine the syntax for Python loops.
Recall that in a while loop, the following procedure is evaluated:

1. Evaluate the header expression. If True, continue to step 2, if False, exit
the while loop.

2. Evaluate the body within the while loop.
3. Go back to step 1.
Whereas in MATLAB, a while loop has the structure:

while expression
code block

13
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In Python, we would write:

while expression:
code block

Note that as with MATLAB, in python, we may use the “break” keyword to
stop the loop at any time in its execution.
Another way of achieving iteration is to use a for loop. A for loop can be
particularly helpful when trying to repeat a process a certain number of times.
It also provides us with a convenient, clean way to iterate over lists.
Let’s look at the for loop’s implementation in MATLAB and Python.
In MATLAB, to use a for loop to repeat a process n times, we would write (for
some integer n):
for i = 1:n

code block
end

While in Python, to repeat something n times, we would write:

for i in range(n):
code block

You might be wondering what the “range” function is, as it differs from what
you may have seen in MATLAB programming. If you enter a single argument
(n), the range function starts at 0 (inclusive) and counts up to but not including
n.

Note that this is not the only way of using a Python for loop, but is rather the
one most similar to MATLAB. Check out the Python documentation for other
useful ways to use a for loop!

1.2.3 Running your Python Code

Now that we’re writing Python code in files, it’s important to know how to run
it!

To run a Python program from the command line, first check that you’re in the
correct directory! This is the directory where the file you wish to run is held. If
you’re not in the correct directory, Python won’t know where to find your file!
Next, to run your program, write (use python3 on Mac instead of python)

python fileName.py

in the command line. Just like that, Python will run your program!

What if you want to run your code, but still be able to work with the variables
afterwards? You can run python in interactive mode to do this.

To run your Python file in interacive mode, type:

python -i fileName.py

Interactive mode is particularly useful when you want to use a function you've
defined!

14
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1.2.4 Functions

Now that we’ve explored the syntax for the basic Python commands, we might
wish to organize our program better. When we wish to use a set of commands
over and over again, instead of rewriting them every time, we can define a func-
tion that carries those commands out.

Function definition is where the syntax differs fairly significantly between Python
and MATLAB, but don’t worry - Python function definition is much more con-
venient and simple to use, and you’ll pick it up in no time!

Let’s quickly review the key parts of a function:

1. The Header: The function header defines the name of the function.

2. The Arguments: The arguments (also known as parameters) are the
inputs to a function. They’re typically listed as variables in parentheses
in the function heading. When we call a function, we bind values to these
parameters.

3. The Return Statement: This (optional) part of a function determines
what information is sent back to the program after a function is called.

Let’s look at an example: a function “adder” that adds 3 arguments: a, b, and
c. In MATLAB, we would write:

function [output] = adder(a,b,c)
output = a+b+c;

3 end

In Python, to define the same function, we would write:

def adder(a,b,c): #defines the function name and arguments
return a+b+c #returns a+b+c

Let’s break down what’s happening here.

The def keyword tells Python that we’re about to define a function with the

name adder. After the name, we list our arguments in parentheses, and separate

them by commas. After closing the parentheses, we write a colon (:) to tell

Python the body of the function is about to begin.

#General function definition

def name (argl,arg2,arg3): #defines the function name and arguments
#function body

code block

return expression #returns the value of ¢

‘expression"

Next, we type the body of the function, which must be indented from the def
statement. The body may be any number of lines long, and may include any
code you wish.

Somewhere in the body of the function, you must include a return statement.
The return statement sends information back to the program outside of the
function. Here, we return the sum of the three arguments.

Note that after the return statement is executed, Python exits the function!
This means that nothing more in the function will be executed after the return

15
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statement is evaluated.
Now that we’ve defined our function, we might want to call it! To call our
adder function, we simply write the function name, followed by values for its
arguments in parentheses. For example:*
def adder(a,b,c): #defines the function name and arguments

return a+b+c #returns a+b+c

adder (1, 2, 3)
>>> 6

You may have noticed the symbol “#” appearing in many of our Python exam-
ples. This denotes the start of a comment - text that will be ignored by Python
that’s just there for the user! It’s good practice to comment your code well so
others can understand it better!

#this is a comment! Python does not execute it.

Now that we’'ve defined what a function is in Python, we must ask ourselves the
question, “How can we make it simpler?”

For short, one-line functions, we often don’t want to take the trouble to write
out a full def statement. To make one-line function definition concise, Python
has a special type of function known as a lambda.

To define a lambda for the adder function, we would write:

adder = lambda a,b,c: a+b+c

Instead of using the def statement, we define the function like a variable, and
use an = sign. We write “lambda” to signify our function is starting, and then
write our arguments, which are followed by a colon. The return value is then
whatever follows the colon. Adder may then be called in exactly same way as a
normal function. For example:

adder (1,2,3)
>>> 6

would return 6 to the terminal.
Remember, lambdas are only to be used when functions have single-line bodies!
Otherwise, you must use a def statement to define your function.

1.2.5 Recursion

Recursion is an interesting, elegant strategy for repeating a procedure. It’s a
programming technique that involves a function calling itself.

Although you likely won’t need to use recursion in your programs in ME 100,
it’s a valuable programming technique to have mastered in Python.
Commonly, we use recursion to solve problems where our original problem may
be broken down into a simpler version of itself.

Consider the factorial function. If we want to find 5!, for example, we know it’s
the same as finding 5 - 4!. Now, we only need to consider the smaller problem
of finding 4!. We continue simplifying until we hit the base case, the simplest

4When we call adder(1, 2, 3) we would do this in interactive mode. Use python -i file-
name.py to be able to try out your function!
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form of the probelem.

Recursion takes advantage of the idea of “solving a simpler version” to produce
clean, readable solutions to often complex problems in programming.

Let’s now define a recursive factorial function in Python! Begin by writing a
normal function definition.

def fact(n):
#Return the factorial of n

We always begin by writing the base case, the simplest form of the problem. In
this case, as written above, our base case is when n = 1, since we know 1! = 1.

def fact(mn):
#Return the factorial of n
if n == 1: #use a double equal sign to compare values!
return 1

Following this, we write our recursive case. This is where we call the function
on a simpler version of the problem, using the idea that 5! =5 - 41.

def fact(m):
#Return the factorial of n
if n == 1: #use a double equal sign to compare values!
return 1
else:
return n*fact(n-1)

Great! Let’s try a second example: the Fibonacci Sequence, which is defined by
adding together the two previous terms of the sequence.
First, we must define the base case(s) of the function. These are the first two
terms of the Fibonacci sequence, and are the terms that stop the function from
recursing forever.
#function for computing the nth fibonacci number
def fibonacci(n):
#base cases:
if n == 1:
return 1 #first base case
elif n == 2:
return 1 #second base case
This defines the first two terms of the Fibonacci sequence. Now that we have
the base cases complete, we must write the recursive case, which adds the two
previous terms of the sequence.
#function for computing the nth fibonacci number
def fibonacci(n):
#base cases:
if n == 1:
return 1 #first base case
elif n == 2:
return 1 #second base case
else:
return fibonacci(n-1)+fibonacci(n-2) #add the two previous

This completes the recursive Fibonacci function. As you can see, the function
is able to call itself within its body to evaluate the nth term in the Fibonacci
sequence.
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1.2.6 Object Oriented Programming

Object Oriented Programming (OOP) is a programming technique that helps
us write and organize large programs. It’s very different to what we’ve written
so far, which has been primarily functionally oriented.

In OOP, our program is centered around defining “objects” (variables) and
“methods” (functions) that act on those objects.

Whereas in our programming so far, our variables typically only had one value,
such as “2” or “hello world”, objects are a much more general and powerful
type of variable. Objects may hold many different pieces of information. For a
bank account, for example, an account object might hold the owner name, start
date, and account balance.

Let’s write an object oriented program for a bank account. By the end of the
program, we want to have attributes that store the bank account’s balance, it’s
owner, and its date of opening. We also want to have methods that change the
account balance whenever deposits or withdrawals are made. Let’s begin!

The first step in any object-oriented program is to define a class. A class is
something that holds all of the attributes and methods that may be associated
with an object. After defining a class, we’ll be able to define objects of the
class’s type.

We define a new class with the following line:

#bank account class
class Account:

Notice that it’s convention to capitalize the first letter of the class name.
When defining a class, the first thing we do after writing class Name: is
write the special “__init()--” method. This is a method that initializes every
attribute of a bank account object. Attributes are variables associated with
an object.

#bank account class
class Account:

#Note that __init__ uses TWO underscores on either side
def __init(self,bal,nme,dte)__:
self .balance = bal #balance, name, and date attributes
self .name = nme
self .date = dte

Let’s break down the different components of the _init()-- method. In the
parentheses, each argument represents a value for each of the object’s attributes.
In the body, we bind these values to the attributes of the object.

Init is automatically called when the object is created. For example, writing:

#define a bank account object
my_account = Account (100, "Prof Anwar", "01/01/2021")

calls __init()__ to define a new bank account object that holds $100, is registered
under the name “Prof Anwar”, and was started on January 1st, 2021.

Let’s continue to examine the function. What does “self” mean, and why do we
use dots?

In OOP, we access the attributes of objects using dot notation. We write the
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object name, a dot, and then the name of the attribute we’d like to get. For
example, to get the balance of the my_account object, we would write:

my_account .balance #get the balance of my_account
>>> 100 #100 is returned

When defining our class, we want to make sure that we write our class as
generally as possible. We want to write our class in terms of a general object,
rather than a specific instance like my_account.

This is what the “self” object is. When writing a class, we always write it in
terms of the object “self”, which you can think of as a placeholder object for
your class.

Now that we’ve finished defining the attributes of our class, let’s define a method.
Note that methods are exactly the same as functions, only specific to a class.
Let’s first define a method to deposit money in the account. We’ll take in
the arguments: “self” (our general object) and “money,” (the amount we want
to deposit), add it to the account balance, and print a statement confirming
our new balance. Note that “self” must always be one of the arguments of a
method.

#bank account class
class Account:
def __init(self,bal,nme,dte)__:
self .balance = bal
self .name = nme
self .date = dte

def deposit(self, money): #Always include self as an argument!
#method to deposit money to the account
self.balance = self.balance+money #add money to the balance
print ("Your new balance is $", self.balance)

Note that this is a good example of a method without a return statement! All
we want to do is modify an object, rather than sending anything back to the
rest of the program.

Let’s now create our withdrawal function. Let’s use an if statement to account
for the case where we don’t have enough money!

#bank account class
class Account:
def __init(self,bal,nme,dte)__:
self .balance = bal
self .name = nme

self .date = dte

def deposit(self, money):
#method to deposit money to the account
self .balance = self.balance+money #add money to the balance
print ("Your new balance is $", self.balance)

def withdraw(self, momney):
#method to withdraw from the account
if self.balance-money<0: #if we try to withdraw too much
print ("You can’t withdraw that amount.")
else:
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self .balance = self.balance-money #take money out
print ("Your new balance is $", self.balance)

This completes the definition of our class. It now has all the functionality we
might want a simple bank account to have.

Let’s now see how we can use the Account class. First, we define our Account
object. Then, we follow this by making a deposit of $100.

#bank account class
class Account:
def __init(self,bal,nme,dte)__:
self .balance = bal
self .name = nme
self .date = dte

def deposit(self, money):
#method to deposit money to the account
self.balance = self.balance+money #add money to the balance
print ("Your new balance is $", self.balance)

def withdraw(self, money):
#method to withdraw from the account
if self.balance-money<0: #if we try to withdraw too much
print ("You can’t withdraw that amount.")

else:
self .balance = self.balance-money #take money out
print ("Your new balance is $", self.balance)
my_account = Account (100, "Max", "01/01/2021")

my_account .deposit (100) #deposit $100 to the account
>>> Your new balance is $200 #print statement output

Note that just as with attributes, we also use dot notation when calling meth-
ods on objects. The format “object_name.method_name(arguments)” is
always used in OOP. Note that the self argument is automatically filled in by
Python, and we don’t need to include it ourselves.

Why would we want to use this style of programming? As programs become
larger, being able to organize variables using classes and objects can be very
valuable for keeping a coherent, easy to read program. OOP is also very useful
when we want to keep certain pieces of information together, such as balance,
name, and incept date all being under the umbrella of a “bank account.”

In ME 100, for example, you might want to create a class for a motor. You can
include its input ports, its angular position, and more all in one motor object.
As the semester goes on, try to recognize the features of OOP in the libraries
you use in your labs!

1.2.7 Useful Libraries and Links

One powerful feature of the Python language is its ability to import groups of
user-made functions, or “libraries,” to increase the functionality of the language.
For example, if you’d like to do math operations such as sin (x) or tan (z), which
aren’t built into basic Python, you can import the math library.
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Below, you’ll find a list of useful libraries and links that can be helpful to have
both for general Python programming and for MicroPython® programming with
electronics.

1. NumPy: NumPy is used to work with matrices and a variety of other
mathematical constructs in Python.

2. SciPy: SciPy contains many useful scientific programming functions. For
example, the function odeint provides a fast and reliable way of solving
differential equations similar to MATLAB’s ode45 function.

3. Matplotlib: Matplotlib gives Python the ability to create graphs and
visuals from data. It works similarly to the plotting functions you may be
familiar with from MATLAB.

4. Math: The math library gives you access to commonly used trig, expo-
nential, and log functions.

5. MicroPython Documentation: This link provides you with an overview of
the functions built in to your ESP32 microcontroller. Check it out for
a reference of how to interact with pins and use advanced functionalities
like callback functions, PWM, and more!

Now that we know a few of the useful Python libraries, let’s take a quick look
at how we can import them into your programs. Note that we always import
libraries at the top of our program so that all the lines of code below may access
what’s in the libraries.

The first way of importing libraries is to use the import keyword, as seen below.

import scipy
import numpy as np #imports NumPy with the nickname np

We can write “import name” if we want to use the library with its normal
name, or “import name as nickname” if we want to work with a shorthand
name for the library in our code. Note that numpy is commonly abbreviated as
np.

Once we’ve imported libraries with this method, we use dot notation to access
the functions within. For example, to create a numpy array after importing
numpy as np, we could write:

numpy_array = np.array([1,2,3])

Note that we must use “np” here, otherwise Python will not know where to find
the NumPy array function.

What if we don’t want to use “np” every time we want to call a function from
the NumPy library? Instead, using the from keyword, we can select particular
functions to import directly into the program so we don’t have to use the name
of the library. Let’s take an example from the math library.

5MicroPython is a version of Python that microprocessors such as the ESP32 can run
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from math import sin
x=sin (10) #don’t need to use math.sin

Note that above, since we used “from library import function”, we don’t
need to specify what library we're taking the sine function from. In fact, we
may use the from keyword to import the entire library as follows:

from math import x*

The * tells Python to import every function from the math library. Now, we're
able to use every function from math without using math.function().

Since this seems much more convenient, why would we not always use import
all? Onme reason for this is that we don’t know the names of everything that
we’re importing - that is, if there’s a function in the library we’re importing that
happens to have the same name as a function we’ve defined in our program, we
might have a conflict in our code that can lead to confusing errors.

As such, to stay organized, it’s best just to import what you need.

1.3 Conclusions

If you’re feeling overwhelmed, don’t worry! Learning a new language is a daunt-
ing task! Over the course of the semester, you’'ll become more and more com-
fortable with Python.

If you’re looking for some more practice, check out Coding Bat for some prob-
lems involving basic Python syntax. If you’re interested in more in-depth, chal-
lenging projects, feel free to look at CS 61A, another great Berkeley course!
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2 Introduction to Circuit Analysis

Circuit analysis is at the heart of hundreds of different technologies in engineer-
ing! From the ways in which our computers function to the methods we use to
drive electric vehicles - everything is founded upon the basic principles of circuit
analysis.

In this section, you’ll learn the fundamental tools for analyzing linear resistive
circuits, a class of circuit that’s a stepping stone into the wider world of elec-
tronics!

Before we get into the details, let’s do a quick review of some terms you may
have seen before.

2.1 Basic Electrical Quantities

We may begin our exploration of circuits with a definition of some of the basic
quantities we’ll be working with.
Charge (Q) is a fundamental physical quantity held by protons and electrons.
Electrons have a negative charge, while protons have a positive charge. As you
may remember, opposite charges attract each other and like charges repel.
Current (I): Just as in thermodynamics, where we discuss the “mass flow rate”
through a system, in electronics, it’s often useful to think about the “charge flow
rate.”
Current is the rate at which charge flows through a conductor (often a metal
wire) in a circuit. Current has units of amperes, or “amps.” If a 1A current
flows through a circuit, then 1 coulomb of charge passes through the circuit
every second.
As current is the time rate of change of charge, we may express it mathematically
with the derivative:
dQ
=%
dt
For Q = charge and t = time.
Resistance (R), measured in Ohms, is an object’s tendency to resist the flow
of charge. For any wire or conductor, resistance is a function of three things:
the length of the conductor, its cross sectional area, and a material property
known as resistivity.
The following formula expresses this relationship:

_rL

="

For p the resistivity, L the length of the conductor, and A the cross sectional
area.

Voltage (V), measured in Volts, is defined as the potential energy per unit of
charge between any two points in a circuit. As such, the voltage of a point is
often referred to as the point’s “potential.” Voltage is always defined between
two points, one of which is often a point known as the circuit “ground.” This is
a location in the circuit that’s been assigned a potential of 0.
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These four quantities are summarized in the table below.

Quantity ‘ Symbol ‘ Units
Charge Q Coulombs (C')
Current 1 Amps (A)

Resistance R Ohms ()
Voltage Vv Volts (V)

2.2 Basic Circuit Elements

Now that we’ve defined some basic circuit quantities, we may learn how they’re
related by examining some basic circuit elements.

To develop an intuitive understanding of circuits, we often imagine an electrical
circuit as a stream flowing down a mountain.

Current (I) may be thought of as the speed of the stream, while voltage is the
stream’s elevation, or potential on the mountain.

L. o

A S e

Above: The stream is pumped back up to the top of the mountain to complete
the circuit

With this analogy in mind, we may define our first circuit element: the resistor.
A resistor resists the flow of current in a circuit. In our stream analogy, resistors
would be the rocks, trees, and obstacles in the stream that slow the current
down.

Because resistors limit current, we may say that they dissipate electrical energy.
This causes a drop in voltage across every resistor, which may be quantified by
Ohm’s Law.

V.=1IR

Ohm’s law states that the drop in voltage across a resistor is the product of the
current going through the resistor and its resistance.
Plotting this relationship on a graph, with voltage on the x-axis and current on
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the y-axis, we observe the important fact that the relationship between current
and voltage through a resistor is linear.

" -

Although this mathematical representation of resistors is useful, oftentimes, it
may help us to have a clear visual representation of our circuits as well.

To clearly express the layout of our circuits, we make drawings known as circuit
diagrams. In these diagrams, resistors are drawn as follows:

R-102

— NSNS\

Above: A 10 Ohm resistor

Now that we’ve defined a component that limits the flow of current, we must
define another component that encourages the flow of current.

The next circuit element we’ll examine is the voltage source. In our mountain
analogy, the voltage source is a pump that pushes the stream up to the elevation
it needs to flow.

A voltage source has two terminals (positive and negative) that it forces a
particular voltage across. No matter what else is happening in the circuit, that
voltage will never change.

Because voltage sources aren’t impacted by other parts of the circuit, they
may have any current flowing through them. Thus, a voltage source may be
represented by the below Current-Voltage graph:
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Above: A wvoltage source always stays at Vspurce, but may have any current
running through it.

In circuit diagrams, voltage sources are typically depicted as one of the below:
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Above: Two common symbols for DC sources are on the left, while the symbol
for an AC source is on the right.
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For now, we’ll focus our studies on constant voltage sources (DC), whereas later,
we’ll examine time-varying sources (AC).

Logically, if there are voltage sources for circuits, there should be current sources
as well!

Current sources are another important circuit component. Just as a voltage
source forces a particular voltage across itself, a current source forces a partic-
ular current through itself.

In the mountain-river analogy, a current source is a pump that forces the stream
to flow with a certain velocity.

A current source will always maintain its current no matter what else is hap-
pening in the circuit, and thus may have any voltage applied across it without
any effects. Notice the interesting similarities in the properties of current and
voltage sources!

Below, observe the symbol and current-voltage relationship for a current source.
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The last fundamental circuit element we’ll discuss in this section is the wire.
As you may have guessed, wires are the electrical conductors used to connect
the different circuit elements.

In our analyses, we assume wires to be ideal unless told otherwise. This means
that they have zero resistance and may carry any current.

In reality, wires do have some internal resistance which we may occasionally
need to account for, but for most analyses zero resistance is a valid assumption
to make.

Let’s think further about what it means to have zero resistance. By Ohm’s law,
V = IR, we find that no matter the current, there will never be any drop in
voltage across an ideal wire, since R = 0. Additionally, if we apply any voltage
across the ends of an ideal wire, the current will tend to infinity.

In circuit diagrams, wires are represented by simple straight lines.

Putting all of the circuit elements together in a circuit diagram, we may now
draw and understand circuits such as the following:

= 10

ey~ 10 L

|

Above: an example of a “resistive” circuit. Try to identify the different circuit
elements!

Vi v d T-1A

2.3 Equivalent Resistance

Oftentimes in circuit analysis, we're confronted with a confusing circuit dia-
gram littered with resistors and other components. How can we simplify these
complex resistive circuits to simpler yet equivalent forms?
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AV Vv

Above: A resistive circuit we might want to simplify.

Using the idea of “equivalent resistance,” we can simplify complex networks of
resistors into a single equivalent resistor.
The following are layouts of resistors that may be easily simplified.

2.3.1 Series Resistance

When resistors are in series, they are connected end to end, as seen in the
below drawing.

—AMNA— N N— W
fZ | Q"L ﬂ's

Above: Three resistors in series.

Let’s develop an equation to simplify n series resistors of resistance R; to one
equivalent resistor with resistance R.q.

Imagine that we apply a voltage V' across a set of n resistors in series. Since all
the resistors are connected end to end, the same current must flow through all
n resistors.

Using Ohm’s law, we know that the voltage across R; is V3 = Ryi, the voltage
across Ry is Vo = Roi, and so on. We also know that the sum of the voltages
must add up to the total voltage V. Mathematically, we express this as:

V=Vi+W+.+V,
V=Rii+ Roi+ ..+ Ryt

Now, let’s factor out current i from this expression. We then find:
V= (R1 + Ro+ ...+ Rn)l

We now recognize the above as an expression of Ohm’s Law, only now with
R = R; + Ry + ... + R,,. Thus, for n resistors in series, we define equivalent
resistance as:

Reyg=» Ri=Ri+Ry+..+R,

i=1
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2.3.2 Parallel Resistance

Parallel is a second common layout for resistors. When resistors are in parallel,
the voltage across each element is the same. Parallel resistors might appear as
follows:

i

Let’s now determine a formula for the equivalent resistance of n parallel resistors.
Imagine applying a voltage V across all of the resistors, as in the graphic above.
Although the voltage is the same across each resistor, current is not necessarily
the same, since each resistor lives on a separate path. Thus, we may write:

i =V/Ry
is =V/Ry
in=V/Rn

Logically, the total current going through all of the parallel resistors is equal to
the sum of the currents going through each resistor.® Therefore:

t=11+1i0+ ... + 1y
i=V/Ri+V/Ra+..+V/R,
Now, we may factor out V to find:
i=1/R1+1/Ry+ ..+ 1/R,)V

Once again, we recognize this as an expression of Ohm’s Law: ¢ = V/R. Thus,
the equivalent resistance for n resistors in parallel is:

1/Reg=(1/Ri+1/Ra+ ...+ 1/R;)

2.4 Power

In electrical circuits, whenever we pass a current through a resistor, the resistor
will dissipate electrical energy in the form of heat. If you've used a laptop,
you’'ve likely felt the results of this firsthand!

The rate at which electrical energy is dissipated is known as electrical power.
How can we quantify the power being dissipated by a component? We can start

6We’ll develop this idea formally using Kirchoff’s Current Law
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by recalling an interesting fact from electromagnetism. When a charge Q is
moved through a field with constant potential V, the magnitude of work done
on the charge is:

W =QV

Now, recalling that the time derivative of work is power, we take the derivative
of both sides of this equation to obtain (For constant V):

P=QV+QV
P=QV

This equation may now be simplified further! Recalling that I = d@Q/dt, we
define the power dissipated by a component as:

P=1Vv

For I the current through the component and V' the voltage across the compo-
nent.

In electronics, we define a sign convention for power. If a device supplies power,
P is negative. If a device absorbs power, P is positive. For example, as a resistor
absorbs power, the power dissipated by a resistor is positive.

2.5 Kirchoff’s Laws for Circuit Analysis

Just as we apply Newton’s laws to solve problems in mechanics, in electronics,
we also apply a set of laws to solve problems with circuits.

One of the most useful set of laws for circuit analysis is Kirchoff’s Laws.
Before we get into the details of Kirchoff’s Laws, it’s important to define a few
more terms.

The first of these terms is the node. A node is an intersection in a circuit where
two or more circuit elements (wires, resistors, sources, etc.) meet. We see one
such example below:

Above: A node with two entering currents and one exiting current.

The second term we’ll define is the loop. A loop is any path in a circuit that
starts and ends at the same point and doesn’t intersect itself. Some examples
of loops are found below:
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Note that we may also define a loop around the entire above circuit. Also note
that the directions of each loop, denoted by the arrows, are entirely arbitrary
and may be chosen by you.

Now that we’ve defined these essential terms, we're ready to understand Kir-
choff’s Laws!

2.5.1 Kirchoff’s Current Law

The first of Kirchoff’s laws is Kirchoff’s Current Law, or KCL for short.
KCL states that the sum of currents flowing into or out of any node a circuit
is zero. Before we express this mathematically, let’s develop an intuitive under-
standing of this law.

Imagine you have a box of marbles. At one end of the box, you have a pipe
where marbles can come in. At the other end of the box, you have a hole through
which marbles can leave.

From conservation of mass, we know that marbles can’t simply “pop into exis-
tence” inside the box - any change in the number of marbles must thus be from
the pipe or hole.”

Since we're not adding any marbles to the box, we can express the rate of change
of the number of marbles in the box through the following relationship (for i

entering and e exiting):
dM . .
o = M Me
Since from conservation of mass, we know that the total mass of marbles must

stay the same, the total rate of change of mass must be zero. Therefore:
0= M; — M,

Now, let’s translate this example of marbles and boxes to circuits. We replace
“boxes” with nodes, and “marbles” with charges. For any node in a circuit, we
may then write: ) )

0= Qi - Qe
Now, we recall a useful fact about charge and its relationship with current. We
know that the time derivative of charge, @, is equal to current, I. Thus, we

may then write:
0=1I—-1.

7If you’ve taken ME 106, you'll recognize this as an application of control volume analysis
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This is Kirchoft’s Current Rule for a node with 1 entering wire and 1 exiting
wire. Note that I. is negative by convention.

Let’s now generalize this formula to any number of entering and exiting currents.
For a node with n number of currents, we can mathematically express KCL as:

Zﬁﬂi =601+ Bolo+ ...+ Buln =0
i=1

For I; a current flowing into or out of a node and 8 = +1 (41 for current flowing
in, —1 for current flowing out).

For the node above, for example, we would express KCL as:
I 1 + .[2 - I 3 = 0

In summary: Kirchoff’s current law is a statement of conservation of charge.
Whatever goes in must come out!

2.5.2 Applying KCL in Nodal Analysis

Now that we’ve developed an understanding of what KCL is, we may develop
a step-by-step method for solving circuits using KCL. The following example
illustrates a KCL technique known as “nodal analysis.”

Ez: Solve for the currents and voltages across R1, R2, and R3

Z,

@V U,

We follow the following procedure to “solve” a circuit (find all currents and
voltages) using KCL:
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1. Identify all of the nodes in the circuit. Recall: a node is a point
where two or more circuit elements meet or where there is a junction in
the wires. To identify all the nodes, it’s good practice to start at the
leftmost voltage source and trace the circuit path rightwards. Here, we
begin at the voltage source V;. We trace the circuit path until we meet
the next element: R; - since two circuit elements meet, this point is a
node. Continue tracing until all nodes have been labeled.

ey Us

=

2, :

@
<

<

ugs

Label each node u; for ¢ the number of the node. Each u; represents the
potential of that node.

. Identify a node as ground. After labeling our nodes, we select one
of the nodes to be the reference, or “ground,” node. This node is au-
tomatically assigned a voltage potential of 0, and is what all other node

potentials are defined relative to. By convention, we choose the last node
in the circuit as ground (note that this is an arbitrary choice). Here, we

choose u4 to be ground.

v 1‘7 Grovad  Node

3. Assume current directions. Label the current through each component
as well as its direction (draw in with an arrow). For example, label the
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current through resistor R; as Ir,. For the direction, assume any direction
- if you get a negative after solving, you know that current was simply
traveling opposite to the direction you assumed.

(A4 = l:&z u
g, ==» 4z s

4. Write the KCL equation for each node. Remember to apply the
following convention for sign: current in is (4), current out is (-). In
order of node number, we write:

Iyi—Ip1 =0 (1)
Ipy —Ira —Ip3 =0 (2)
Ips —Iy2 =0 (3)

5. Apply Ohm’s law to each resistor (I = V/R). Using Ohm’s Law,
write the current through each resistor in terms of the voltage across it.
Write the voltage across each resistor in terms of the node potentials uq,
us, ugz, and ground. (Recall that ground has a potential of 0).

Iy, = (u1 —up)/R1 =0 (4)
(ul—UQ)/R1—(UQ—U3)/R2—UQ/R3=O (5)
—IV2 + (UQ - U3)/R2 =0 (6)

Note that when writing the voltage across a resistor in terms of node
voltages, we write the higher potential node first. This is the first node
the current passes through.

6. Substitute known potentials for node voltages. Since we know that
between ground and node u; we have a voltage source Vi, we conclude
that u; = Vi. Similarly, we can conclude that us = V5. This leaves us
with only one unknown, us.

(u17u2)/R17(u2—U3)/R2fu2/R3:0 (7)
(Vi —uz2)/R1 — (u2 — V2)/Ra —uz/R3 =0 (8)
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We can now solve for us:

 RiR3Va+ Ry R3Vp
Ri Ry + Ry R3 + Ry R3

(9)

U2

Now, we have all the node potentials in the circuit!

7. Now that we have all the node voltages, we may plug back into our Ohm’s
Law expressions to solve for all the currents. The circuit is thus fully
solved!

2.5.3 Kirchoff’s Voltage Law

Kirchoff’s Voltage Law (KVL) provides us with useful information about
voltage around loops in a circuit. Recall that a loop is any path in a circuit that
starts and ends at the same point!

KVL tells us that the sum of voltage drops and rises around a loop must equal
zero.

It may be useful to think back to our mountain analogy for an intuitive expla-
nation of this law. Recall that in our analogy, voltage represented our elevation
on the mountain.

What KVL says is that if we walk in a path on our mountain that takes us back
to our starting point, our net change in elevation (voltage) is zero!

Just as the sum of elevation changes on our walk must be zero, the sum of
voltage drops and rises around a loop must be zero.

Mathematically, KVL is expressed:

D Vi=Vit Vot 4 Va=0

loop

For each V; a voltage change in a loop.

How can we derive KVL in a more mathematically rigorous sense? Outside of
our intuition, where does it actually come from? Consider the following circuit,
which is a basic loop:

A current, ¢ runs through this circuit in the direction indicated (driven by
some unknown force on the left-hand side). Note that the current through each
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resistor is the same, since the resistors are in series.

We know that the total power dissipated is the sum of the powers dissipated in
each element. We also know that energy for our system is conserved, since no
outside power is being added to our circuit. Thus, the sum of all the powers
must be 0.

P+P+P;=0
Vi +iVo +1iV3 =0

Now, let’s factor out 7 and divide it out on both sides.

(V1 +Va+V3)=0
Vi+Ve+V3=0

Thus, we find that the sum of voltages around the loop must be zero! This
derivation may be generalized to any number of resistors and any type of elec-
trical component.

2.5.4 Applying KVL in Mesh Analysis

Just as we developed a problem-solving framework for KCL, we may also do so
for KVL. In the following example, we solve the same problem as before, this
time using a KVL procedure known as Mesh Analysis.

Ez: Solve for the currents and voltages across R1, R2, and R3

We now illustrate the procedure for analysis with KVL (Mesh Analysis):

1. Identify the loops in the circuit. Identify the paths in the circuit that
begin and end at the same place. Note that there are multiple ways of
finding loops - they’ll all lead to equivalent equations.
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2. Assume a current direction in each loop. Draw an arrow going
clockwise (by convention) in each loop. This will be the current direction
you assume inside the loop. Using this current direction, draw (4) and
(-) signs on each resistor. Remember, current enters a resistor at (4) and
exits at (-).

Make sure that if you have any resistors that are in two loops, that you
define a separate current for that resistor (for example R3). If we used iy
and iy for R3, we would end up with conflicting equations!

3. Write the KVL equation for each loop. Add all of the voltage changes
in each loop. To keep track of the signs for each voltage, use the following
convention: if the current arrow enters a component at the (+) termi-
nal, add the voltage. If the current arrow enters a component at the (-)
terminal, subtract the voltage. For this circuit, we would thus write:

~Vi+ Vg, + Vg, =0 (10)
Vi, + V2= Vg, =0 (11)
4. Use Ohm’s Law to rewrite KVL equations. Using V = IR, rewrite
the KVL equations for each loop. Note that for the resistor R3z, we define
a separate current i3, since we know the current through R3 can’t be both
il and iQ.
—Vi+11R1 +i3R3 =0 (12)
i9Ro + Vo —13R3 =0 (13)
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5. Use KCL to resolve “conflicting” components. Since in this prob-
lem, we defined a separate current iz for R3, we must now define i3 in
terms of the other currents to reduce the number of unknowns. To do
this, we apply KCL at the node where the three resistors intersect to find:

i3 =11 — 2 (14)
We may now rewrite our remaining KVL expressions by substituting:

—Vi+uR+ (il — ig)Rg =0 (15)
o Ry + Vo — (il — iQ)Rg =0 (16)

Now, we have two equations in two unknowns and may solve for the cur-
rents! The procedure is complete.

2.6 Measuring Circuit Quantities

Now that we have an understanding of what current, voltage, and resistance are
- as well as how to relate them mathematically - we will briefly discuss methods
of measuring them experimentally.

What’s important to keep in mind is that when taking a measurement, we want
to cause minimal disturbance to the original system while at the same time gain
informative data. One challenge that we're faced with as engineers is that by
measuring a system, we’ll always be disturbing it from its natural state. Thus,
there is no true perfect measurement!

Practically, current is measured with an ammeter. An ammeter is a measuring
tool placed in series with the circuit element you wish to measure. To ensure
that it has as little an impact on the circuit as possible, an ammeter has a very
low input resistance.

Voltage is measured with a voltmeter. Voltmeters have wires that connect
to either end of the component you wish to measure, and are said to be in
parallel with the component. Because we want the current passing through the
voltmeter’s parallel branch to be as low as possible (to avoid disturbing the
circuit we wish to measure), voltmeters have a very high input resistance.
Resistance may be measured with an ohmmeter. Like voltmeters, ohmmeters
are placed in parallel with the components. Similarly, they must have a high
input resistance. To ensure the measurement will not be biased, all current and
voltage sources must be disconnected before using an ohmmeter.
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3 Superposition and Equivalence

Thus far, in studying Ohm’s Law, Kirchoff’s Laws, and the methods of Nodal
and Mesh analysis, we’ve covered lots of ground in solving complex circuits.
Although the methods we’ve developed so far have been very reliable, one com-
mon theme among them is that it can take a long time to reach a solution,
especially for larger circuits. How does this impact us when we want to quickly
test out different components?

One common problem in electronics involves testing a component of a different
value and seeing how it impacts the rest of the circuit. What does this mean in
terms of our circuit analysis? Would we have to re-solve the circuit every time
we try out a different value?

To increase the efficiency of our circuit solving, we introduce the techniques of
equivalence and superposition.

3.1 Equivalent Circuits

As mentioned in the introduction, it’s a common problem to want to “try out”
components of different values in a circuit. For example, in the diagram below,
we might want to try out several resistances for the red resistor to see which
resistance best suits our needs.

AN
Above: A complex resistive network

When trying out different values for a component, we redraw the circuit to
highlight our intentions. We remove the component remove from the circuit
diagram and replace it with two terminals, which are simply the two nodes on
either end of the component.

For the circuit above, we would redraw the diagram as follows:
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L et

Above: We redraw the circuit with two nodes in place of the component

Our goal is to develop a simplified equivalent circuit around the two nodes
that’s much easier to solve.

How do we ensure the simplified equivalent circuit has the same properties as
our original circuit? We enforce two constraints.

First: the voltage across the two nodes should be the same in the equivalent
and original circuits. Because there is nothing between the nodes, we call this
the open circuit voltage.

Open circuit voltage (Vo) and short circuit current (isc)

Second: the current across the nodes should be the same. When we connect a
pure wire across the nodes, we want the current in our equivalent circuit to be
the same as it would be in our original circuit. When we connect a wire between
the two terminals, we refer to the current passing through the wire as the short
circuit current.

Let’s now introduce the two common equivalent circuits!

3.1.1 The Thevenin Equivalent

The Thevenin Equivalent Circuit replaces a complex circuit around two nodes
with a circuit with a voltage source and resistor in series. A Thevenin Equivalent
circuit appears as below:
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R
— Vb

O

Above: Transforming a complex circuit to a simpler Thevenin equivalent

As you may see, we take a complex circuit with two open nodes and transform
it into a much simpler Thevenin Equivalent with the same two open nodes.
Now that we’ve drawn out our simpler Thevenin equivalent circuit, we’re faced
with a problem: how do we find a voltage source and resistance that represent
the entire original circuit?

Let’s begin by solving for the Thevenin voltage (V;), the voltage of the source
in the Thevenin equivalent. We’ll then proceed to find the Thevenin resis-
tance (R;), the resistance of the series resistor.

Let’s first solve for the Thevenin voltage. We know from the first constraint we
defined earlier that the open circuit voltage across the terminals in our Thevenin
circuit must be the same as the open circuit voltage in our original circuit.

We also know that since the Thevenin equivalent circuit (above) is open, no
current will flow through it. Applying KVL around our Thevenin circuit, we
thus find:

~Vi+iRi +V,. =0 (17)
~V;+0R; + V. =0 (18)

(19)

Thus, the Thevenin voltage is equal to the open circuit voltage across the nodes
in our original circuit! We may find this voltage from our original circuit by
applying Nodal or Mesh Analysis just as we did with circuits in the past.

Let’s now solve for Thevenin resistance. First, connect a wire across the termi-
nals. Remember, when we connect a wire across the terminals, the current that
flows is named the short circuit current.
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By KVL, we may now write:

iseRy =V, (20)

o

Thus, the Thevenin resistance is equal to the Thevenin voltage divided by the
short circuit current. Because of our second constraint, the Thevenin short cir-
cuit current is the same as the short circuit current in the original circuit. Thus,
to find i4., we simply find the short circuit current for our original circuit.

We now have all the values we need to determine our Thevenin equivalent cir-
cuit! Let’s illustrate the solution process with a short example.

Ezxample: Find the Thevenin equivalent of the circuit below between the termi-
nals A and B.

R, y

v, (@ &

—O P

When solving for the Thevenin equivalent, we may use the following procedure:

1. Solve for the open circuit voltage between the two terminals.
We may solve for V,. by applying Kirchoff’s laws to the circuit. In this
case, V. is equal to the voltage across terminals A and B. Let’s find this
voltage by writing a KVL expression for the loop:
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] — N

For the loop with current i1, we write:

1WR1 +11 R — Vs =0 (22)
il(Rl + Rg) =V (23)
Vo/(R1+ Rs) =ia (24)

Noticing that the voltage between nodes A and B is the same as the voltage
across resistor Ro, we use Ohm’s Law and write:

Vi = i1 Ro (25)
ViR,

Vip = —2_ 2%

T R+ Ry (26)

Since V,;, is the open circuit voltage across the terminals, we know V; =
Vab. We now have the Thevenin voltage!

2. Solve for the short-circuit current. Now that we have the open-circuit
voltage, the next step in finding our equivalent circuit is solving for the
short-circuit current.

To get i4., connect a wire between terminals A and B and solve for the
current that passes through it!

R,
A

" 2 |dice

- —o>p

To solve for i, we set up a KVL expression with a loop going around the
entire outer circuit. Writing out the KVL equations, we get:

Z‘sc]%l - V9 =0 (27)
lge = Vs/Rl (28)
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Now that we have the short-circuit current, there’s only one step left: to
plug back into Ohm’s Law and solve for R;.

3. Use Ohm’s Law to solve for R;. Now that we have the open circuit
voltage and the short circuit current, we may use Ohm’s Law to solve for
the Thevenin resistance.

V5R2
Ry = Vap /iy = Sathe 29
+=Vap/i VR (29)
RiR
R = —-"= 30
‘= R T Ry (30)

4. Draw out the Thevenin Equivalent Circuit Using V; and R;, draw
out the equivalent circuit.

This final equivalent circuit has all of the same properties across the terminal
as the original! Now, we may substitute in any resistor or component we like
and solve for the voltage and current with ease.

3.1.2 The Voltage Divider Circuit

In the previous example, we found the Thevenin equivalent for one of the most
famous and common circuit layouts: the voltage divider.

R,
A

v, (@ &

— P

Above: The voltage divider circuit
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This circuit is gets its name from the following relationship, which we solved for
in the previous example:

ViRa

Vap = ————
b Ry + R»

(31)

As you can see, the voltage across terminals A and B is adjusted by dividing Rs
by R1 + Rs.

This circuit will appear in many future examples - using the expression for Vg,
above can greatly simplify your analysis. As such, look out for the voltage
divider circuit as we move forward in electronics!

3.1.3 The Norton Equivalent Circuit

We now discuss the second type of equivalent circuit. Just as we defined an
equivalent circuit with a voltage source and a resistor, we may also define an
equivalent circuit with a current source and a resistor.
The Norton Equivalent Circuit is an equivalent circuit with a current source
and a resistor in parallel. It appears in the form below:

r O

@;’,N R
L

O

Above: A Norton Equivalent Circuit with Norton current in and Norton
resistance Ry

Let’s use Kirchoff’s Laws to reach a conclusion on how to find iy and Ry. First,
let’s take a look at the open-circuit voltage.

. -
ot

/ QN VD(_;

Y
[ -

As we can see from the picture, the Norton open circuit voltage is simply the
same as the open-circuit voltage for the larger circuit.
Now, let’s look at the short-circuit current.
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@/)'N R J"'sr-

L

From a quick analysis of the short-circuit current, we may conclude:

®

That is, the value of the current source in a Norton equivalent circuit is equal
to the short-circuit current of the overall circuit.

To find the Norton resistance Ry, we use the same methodology that we did
for Thevenin resistance: apply Ohm’s Law. After a quick analysis, we come to

the Ohm’s Law expression:
&

Since this is the same as the expression we found for Thevenin resistance, we

conclude:
&

Thus, all of our Norton circuit variables are defined!
To find the Norton Equivalent for a circuit, we use a very similar process to the
Thevenin Equivalent.

1. Find the open circuit voltage.

2. Find the short-circuit current. This will be equal to the Norton
current.

3. Apply Ohm’s Law to find the Norton Resistance.

4. Draw the circuit diagram.

The Norton Equivalent for the voltage divider circuit would thus be:

—O

Q> St

LV re,triz
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Notice the similarities in the procedures for finding the Thevenin and Norton
equivalent circuits! Since we solve for all the same quantities for both, once
we’ve found the Thevenin equivalent, we already have all the information we
need to draw the Norton equivalent and vice-versa!

3.1.4 Finding R; Directly

The method we’ve discussed thus far for finding the Thevenin and Norton prop-
erties - testing for open and short-circuit voltage and current - works very well
for large networks of circuits.

However, for a small circuit, it might seem overly time consuming to solve both
the open and short-circuited circuits. Is there an easier and faster way to solve
for the properties of the Thevenin and Norton circuits?

The answer to this question lies in equivalent resistance. Recall from our
past discussions that to find the equivalent resistance of n resistors in series, we
add the resistances directly:

Rseries == Z Rz == Rl + R2 —+ ...+ Rn (35)

Also recall that to find the equivalent resistance of n parallel resistors, we sum
up the reciprocals of the resistances and find the sum’s reciprocal. That is:

n

1/ Rparatiel = Z 1/Ri=1/Ri+1/Ro+ ..+ 1/R, (36)

7

To find the Thevenin resistance of a circuit, instead of solving for both V,. and
isc and dividing to get R, we can actually find the equivalent resistance of the
circuit around the two terminals of interest.

° A

o &

For example, the Thevenin resistance of the circuit above is equal to the equiva-
lent resistance of the circuit outside of the two terminals. But, when we examine
the circuit above, we encounter a challenge: how do we account for the voltage
source when calculating equivalent resistance?

When finding the equivalent resistance of a circuit, we must zero out all sources.
When we “zero out” a source, we set the value of the source to 0. How do we
achieve this?

To zero out a voltage source, we replace the source with a wire. Because there
is zero drop in voltage across a wire, this is the same as a voltage source of 0
volts.
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Above: To set a voltage source to OV, we replace it with a wire

How do we zero out a current source? To set a current source to 0A, we replace
it with an open circuit. Since no current can flow across an open circuit, we
know that this is equivalent to a 0A current source.

A QA

OA =

Or o n
Above: To set a current source to 0A, we replace it with an open circuit

After all the sources have been zeroed out, to find the Thevenin or Norton
resistance, simply find the equivalent resistance of the remaining circuit.

How do we know which method to use to find the Thevenin or Norton resistance?
When the circuit appears to be particularly complex, it’s wise to use the more
reliable R = V,./is. method. This is due to the fact that it’s oftentimes easier
to make mistakes when finding equivalent resistance than it is with the more
calculation-based KCL and KVL methods.

For smaller and simpler circuits, however, equivalent resistance can be a valuable
tool to use!

3.2 Superposition

In our study of electronics thus far, we’ve investigated a variety of complex cir-
cuits. From large networks of resistors to multi-source circuits, we’ve developed
an arsenal of tools which we may use to efficiently and accurately make conclu-
sions.

Superposition is another valuable tool. We may use to simplify the analysis
of circuits with multiple sources.
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L,

Vg f “ T

Above: An example of a circuit that may be solved via superposition

We'’ve seen in the past that it can be challenging to solve such multi-source
problems. There are lots of constraints to keep track of and it can become easy
to neglect something in the problem-solving process.

The principle of superposition states that the total current and voltage
across an element is equal to the sum of currents and voltages due to each
source. In other words, if we solve the circuit with each source independently
and sum the results, we’ll get the total current and voltage for each element.
Mathematically, for 4; and V; the total current and voltage in each component,
and for m the number of sources:

Q=Y in=i1+ iyt i (37)
Vi=) Va=Vi+Vat .. +Vy (38)

Let’s illustrate this principle with a simple example. Observe the circuit below,
which has two voltage sources.

First, we’ll solve this circuit using KCL and KVL for the entire circuit. Then,
we’ll treat each source separately, add the results, and see if we reach the same
answer.
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By KVL, we may find the current i and voltage Vi across the resistor to be:

in= (Vi +Va)/R (39)
VeR=Vi+V (40)

Now, let’s solve the circuit source-by-source. Begin by zeroing out voltage source
V5, and concentrating on V;. Recall that to zero out a voltage source, we replace

it with a wire.
&)

Now, we find the current and the voltage across the resistor using our circuit
analysis techniques. For ip; the current through the resistor due to V; and Vi
the voltage due to Vi:

ir1 =Vi/R (41)
Doing the same analysis for voltage source V5, we find:

ige = Va/R (43)

ViR = V2 (44)

Now, let’s add the results together and see what we get! For ig the total current
through the resistor and Vg the total voltage across the resistor:

in=(V1+V2)/R (45)
Ve=V1+V, (46)

Thus, we see by summing the currents and voltages due to each source, we reach
the same solution that we did by analyzing the circuit all at once! This is a
basic example of solution by superposition.

3.2.1 Linearity and Superposition

Why does superposition work? To dive into this question, let’s briefly discuss
systems of equations.
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You may remember from your linear algebra course that when you have a system
of linear equations, you may add the equations together to find a new, equivalent
system. For example, for the system below:

T+ 20 =3 (47)
X1 — 4562 =7 (48)

We can add the two equations together to produce a third equation with the
same solution:

221 — 322 =10 (49)

The key property that makes this possible is linearity. Since the equations are
linear (the highest exponent is 1), we can add and subtract equations without
affecting the solution.

When we look back at all the resistive circuits we’ve analyzed, we find that
all of the systems we’ve solved have been linear! This is because Ohm’s Law,
V = IR, is a linear equation.

This means that the system of equations we find from resistive circuits are just
like any other linear system - we may add and subtract equations without af-
fecting the solution.

The principle of superposition comes directly from this linearity. Because cir-
cuits are linear, we may find the equations from each source and simply add
them to solve for the entire circuit.

3.2.2 The Superposition Procedure

Now that we’ve defined the mechanics of superposition, let’s develop a procedure
for solving circuits with superposition. Let’s follow the example below:
Solve for the currents in Ry and Ry using superposition:

L,

W@ ) is
|

Recognizing this circuit as a multi-source circuit (it has both a current and a
voltage source), we may solve it via superposition.

1. Focus on the leftmost source. Zero out all other sources. By
convention, we begin by focusing on the leftmost source, which here is V.
We then zero out all other sources in the circuit. To do this, we make the
current source an open circuit so no current may flow through it.
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2. Solve the circuit with the first source. In this example, by applying
KVL around the first loop, we may find the current passing through R,
and R». Label this i,4, as it’s for the first source, and make careful note
of the direction. Label this direction as positive.

ivsRl + Z.1151%2 - Vs =0 (50)
7:vs(Rl + R2) = ‘/s (51)
‘/s/(Rl + RQ) = Z’vs (52)

3. Focus on the next source in the circuit. Zero out all other
sources. Now, we need to zero out the voltage source and focus on the
current source only. Recall that we zero out a voltage source by replacing
it with a wire.

4. Solve the new circuit. Using KCL and KVL, we may find the currents
through R; and Rs due to the current source. First, let’s write a KCL
equation at the node where the resistors and current source meet. Then,
let’s apply KVL around the loop with the two resistors. Note that ig; is
in the opposite direction to what we defined as positive in step 2 - we’ll
account for this in the next step.

is — iRt —tra =0 (53)
ipiRi —igaRs =0 (54)
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Solving, we get:

ir1 = ipaRa/ Ry (55)
is =iraRo/R1 + iR (56)
1 = iRQ(Rg/Rl + 1) (57)

. Z.sRl

= — 58

(2 Ry + Ry ( )

Now, we substitute back in to get ip1:
1R1 = s — iR1 (59)
. . Z‘s]%l
=y — ————— 60
TR1 = s Ry + Ry ( )
. iSR2
T R+ Ry (61)

5. Sum up the currents from each source to find total current.
To find the total current through each component, sum up the currents
found for the component from each source, making sure to account for the
directions of the current from each source! Note that since iy is opposite
to what we defined in part 2, we subtract it from the part 2 current.

. ‘/s isRQ

= — 62
‘Rt R+ Ry Rs + Ry ( )
. Vs s 1R
ipa = SRLLL (63)

R1+R2 R2+R1

The circuit is now fully solved by superposition!
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4 Capacitors, Inductors, and Nonlinearity

So far, we’ve completed a thorough analysis of linear resistive circuits. Through
Ohm’s law, as well as our circuit analysis techniques, we developed a strong
foundation for solving circuits with resistors. But, what happens when resistors
aren’t the only components in a circuit? In this section, we’ll learn how to ana-
lyze several other types of electronic components. Where we’ll begin, however,
is with a formal exploration of what it means for a circuit component to be
linear. We’ll then proceed to learn how we can deal with nonlinear components,
and how their analysis differs.

Following this, we’ll introduce the analysis of capacitors and inductors, and
solve the differential equations they bring into circuit analysis.

4.1 Nonlinear Components

Thus far, when solving circuits, we’ve always been able to set up our circuit
problems as a system of linear equations. As we discussed briefly in our review
of superposition, this is because Ohm’s Law, V = IR is a linear equation.

At a more fundamental level, however, what does it mean to be linear? What
are other, less obvious examples of linear relationships? How do we analyze
circuits with nonlinear components?

4.1.1 Proving Linearity (Optional)

You may remember from your math classes that a linear transformation T
is a transformation that satisfies the following relationship:
For a and b constants and x and y variables:

T(az + by) = aT(x) + bT(y) (64)

Let’s apply this definition to prove that Ohm’s Law is linear. First, define Ohm’s
Law as a transformation 7" that takes in current and returns voltage. T is then
written:

T(I)=V =1IR (65)

To prove Ohm’s Law linear with the above definition, imagine we have two
currents I; and I5 and constants a and b. Then:

T(aly + bly) = (al; + bl2)R (66)
T(ali + bly) = alL R + bR (67)
T(aly +bls) = a(I1 R) + b(I2R) (68)
T(aly + bls) = aT(Iy) + bT(Is) (69)

Thus, Ohm’s Law satisfies linearity and is therefore a linear equation.
This proof is something we can do for all the relationships we’ll encounter in
ME 100. If we ever want to verify that a relation is linear, we may always use
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the T'(az + by) method.

We can also use this method to verify another important claim: the derivative
and the integral are both linear transformations. This idea is something we’ll
refer back to over the course of this section.

4.1.2 Load Line Analysis

In the past, all of our circuit components have been strictly linear. The resistor,
for example, holds the following graphical relationship between voltage and
current:

L

\/
Above: A graph of Ohm’s Law for a resistor

As mentioned before, this has allowed us to set up simple linear equations to
represent our circuits, as well as employ techniques such as superposition to
simplify our analysis.

What would happen, however, if the current-voltage relationship for a compo-
nent was nonlinear and instead looked like one of the following?

N

N/

With such a component in the circuit, we would now be faced with a much more
challenging, and in some cases - unsolvable - analysis.
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Load line analysis is a graphical technique used to analyze circuits with non-
linear components. It can be used when we have a single nonlinear component
in the circuit and a graph of the current-voltage relationship for that compo-
nent.

We now illustrate the load-line analysis procedure with the following exam-
ple: The following circuit contains a nonlinear component, named the Oskina-
tor. Find the current and voltage across the Oskinator using the current-voltage
graph below.

4.

2

1)) oV -

To find the current and voltage across a nonlinear component in a circuit, we
use the following procedure:

1. Find the Thevenin Equivalent around the nonlinear component.
When analyzing a circuit with a nonlinear component, we want to isolate
the nonlinear component in the circuit. We do this by constructing the
Thevenin Equivalent circuit around the nonlinear component.

Note that the circuit drawn above is a voltage divider circuit. Solving for
the Thevenin Equivalent, we find:

Fy 3 $&

LN -
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2. Write a KVL equation using the Thevenin Equivalent. Now that
we have a simple circuit we can work with, we may write out a KVL
equation to represent our circuit. Our goal is to solve the KVL equation for
a linear equation for current as a function of voltage across the nonlinear
component.

0= Vs + iR+ Vosps (70)
1R =Vs — Voski (71)
4/3i =2 — Vospi (72)
i =15 3/4V,ep: (73)

3. Plot the KVL equation on the IV graph and find the intersection.
Using the equation we solved for in step 2, which relates the current and
voltage across the nonlinear component, we now plot the equation on the
current-voltage graph for the nonlinear component provided for us in the
problem statement. This graph of the KVL equation is called the load
line, as it represents the load across the nonlinear component.

The intersection of our KVL equation with the provided graph will tell us
the current and voltage across the nonlinear component!

Thus, looking at the intersection of the load line with the current-voltage

relationship of the Oskinator:
o)
(75)
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This procedure may be applied to any circuit with a single nonlinear component.

4.2 Capacitors

Thus far, we’ve talked about components that supply and dissipate electrical
energy - are there components that store electrical energy as well?

Capacitors are a linear electrical component that store electrical energy between
two conducting plates. When positive charges gather on the top plate, they
induce a negative charge on the bottom plate, which generates an electric field.
It’s in this electric field that electrical energy is stored.

To increase the amount of charge a capacitor is able to store, the plates are often
separated by a thin insulating material, known as a dielectric. This dielectric
can be any insulating material from air to nylon!

(+) p/r-f-t

As seen in the image above, the circuit symbol for a capacitor is two parallel
lines with wires coming out of either plate.

How can we quantify how much charge a capacitor can store? The capacitance
(C) of a capacitor measures how much charge per volt can be stored on the
capacitor’s plates. Capacitance is measured in units of Farads (F).

The relationship between charge, capacitance, and voltage across the plates is
expressed by the following formula:

(76)

For Q the charge stored on each plate, C the capacitance, and V the voltage
across the plates of the capacitor.

4.2.1 1I-V Relationship for a Capacitor

As we’ve seen in our analysis of resistive circuits, Ohm’s Law, which related the
current and voltage across a resistor, was an incredibly useful equation.

Just as it was important to define Ohm’s Law for a resistor, it’s equally impor-
tant to develop a current-voltage relationship for a capacitor.

Let’s begin our derivation of the capacitor I-V relationship with our fundamen-
tal capacitor equation, @ = C'V. Let’s start by differentiating both sides of the
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equation. Remember, capacitance (C) is a constant.

Q=Cv (77)
aQ v
=0 (78)

Now, we remember an important fact about the definition of current: I = d@/dt.
Substituting this relation into the above, we find:

d
oW
C— (79)

Let’s examine some of the details of this equation. We find that if the voltage
across a capacitor doesn’t change (dV/dt = 0), then the current across the
capacitor will be 0.

Before we proceed with analyzing circuits with capacitors, we must ask ourselves
the important question: is the I-V relationship for a capacitor linear?

Since the capacitor equations have no exponents higher than 1 and the derivative
is a linear transformation, we conclude that the I-V relationship for a capacitor
is linear.

Now that we’ve established some of the basic properties of a capacitor, let’s see
how capacitors behave when placed in a circuit. The circuit below is an example
of an RC circuit, a circuit with both a resistor and a capacitor.

Find the voltage across the capacitor as a function of time.

—NINVT]
R,

|

Note that now, since capacitors have time in their I-V relationship, RC circuits
will not have constant currents and voltages, unlike purely resistive circuits.
We begin our analysis by applying KVL around the loop.
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Using our KVL sign convention, we find:
Ve+V.-V,=0 (80)

Applying Ohm’s law, we know that the voltage across the resistor is Vg = iR.
We also know that since the resistor and the capacitor are in series, the current
through them must be the same.

Thus, ;‘v/e may substitute in our new expression for the current across a capacitor:
i=C%9e.

Vg = iR (81)
v,
- 9
i=C 7 (82)
v,
Ve = RC o (83)

Now that we have the voltage across the resistor in terms of the voltage across
the capacitor, we substitute into our KVL equation and divide by RC to get
the resulting equation in a familiar form.

V- Rcd;f LV (84)

Ve dV. V.
RC ~— dt  RC

(85)

We now recognize this differential equation as one that may be solved by the
integrating factor method. To review, if you have a differential equation of the
form:

dy
Ir +ay="> (86)

For constants a, b, and ¢, the solution to this equation is of the form:

b
y(x) = — —ce™ (87)
a
Keeping this in mind, we return to our capacitor differential equation and solve
using the integrating factor method. Note that we use a constant of integration
k to avoid confusion with capacitance C.

v, dv. V.

RC — dt = RC (88)
_ Vs/RC =t
Vo(t) = V, — ke t/EC (90)

We now have a general solution to the capacitor differential equation! To get
the particular solutions to the differential equation, we’ll consider two cases.
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First, let’s consider the boundary condition that up until t=0, there is no charge
on the plates (the voltage source is disconnected), and that right at t = 0, the
source is connected. This condition is known as charging.

Let’s use this boundary condition to solve for k. By @Q = CV, we know that the
voltage at time zero is 0.

Ve(t) = Vi — ke "/ RC (91)
0=V, — ke®/ B¢ (92)
0=V,—k (93)
k=V; (94)

This tells us that for a capacitor being charged, V.(¢) may be represented by
the equation:

Vi(t) = Vip — Vee V/EC

Ve(t) = Vi(1 - e7"/R9)

Let’s examine this equation for the charging capacitor. First, let’s find what
the voltage across the capacitor will be at time ¢ = 0. Plugging this into the
equation, we find:

V.(0) =0 (95)

Since the capacitor is uncharged at t = 0, we may say that when a capacitor is
uncharged, it acts like a wire. This is because the voltage drop across it is 0.
What about when ¢t — 0co? By taking the limit of V,.(t) as t — oo, we find:

Ve(oo) = Vs (96)

This means that as time approaches infinity, and the capacitor becomes fully
charged, the voltage across the capacitor equals the voltage of the source. But,
using our KVL equation, this means that the voltage across the resistor in the
circuit is 0. Thus, by Ohm’s Law, at t = 0o, no current flows in the circuit.
Because of this, we conclude that a fully charged capacitor acts like an open
circuit, because it doesn’t allow any current to flow.

Let’s now take a closer look at the time term in this equation, t/RC. At time
t = RC, the fraction t/RC will equal 1. Because 1 is a simple value that’s easy
to work with, we give the time t = RC' a special name, the time constant, and
a special symbol, 7.

(97)

Plugging ¢ = 7 into the voltage equation, at t = 7, V. & 0.63V;. Plotting V.(¢)
and 7 on a graph, we find the charging curve for a capacitor looks like:
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Above: V.(t) for a capacitor being charged. Notice how V. is asymptotic to Vi,.

The same process of solving for k may be done for the case when the voltage
on the capacitor is at its maximum and the capacitor is fully charged. At this
point, V. = V;,. When the circuit is connected, the capacitor discharges, and
V. decreases in exponential decay.

4.2.2 Capacitors in Series and Parallel

Now that we’ve looked at how capacitors behave in simple circuits, it’s natural
to ask how we can find the equivalent capacitance of capacitors in series and
parallel.

Recall that for series resistors, resistances added to get R.,, while for resistors
in parallel, 1/R added up to get 1/R.,. Let’s examine how capacitance adds.
Let’s consider the set of n capacitors in parallel:

—

5 i;,, Q#E;L@:iﬁ Ca«_ﬂ'jﬁ

—

To come to a useful conclusion about adding capacitance, we first apply KCL
to the node just before the capacitors. We find from KCL:

i=Y ij=iitiz+ .. +in (98)
J
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Since we know for a capacitor, i = C%’ and that the voltage across each
capacitor is V', we make the following substitutions into our KCL expression:

=, AV dv dv dv
Z_;ng_clﬁ—’—cbﬁ—’—'“_‘_cng (99)
Now, factoring out dV/dt, we find:
dv

Recognizing this as the capacitor I-V equation (I = CdVdt), we conclude that
for n capacitors in parallel, the equivalent capacitance is:

Cogq=) Ci=Ci+Co+..+Cy (101)
J

Thus, capacitors in parallel add like resistors in series!
Let’s now perform a similar analysis for n capacitors in series.

— i
gy “x O3 =0
V .

We may begin by writing a KVL equation around the loop.

V=Y Vi=Vi+Vat..+V, (102)
J

Now, we take the time derivative of both sides of this equation to get:

av dvy  dVs avy,

—_— =t —+ .+ — 1

dt dt + dt Tt dt (103)
Going back to our capacitor equation, i = C %, we know that % =14/C. Since

each capacitor in the circuit is in series, the current through each is the same.
Thus, we may write:

i i
= + =+ = 104
Cqq C1 Ci Oy (104)
Factoring out 4, we find that for n capacitors in series:
1 1 1 1

1
_yr_r L 105
Co 4G G G TG, (105)

1 1

n

This gives us the interesting result that capacitors in series add like resistors in
parallel, and capacitors in parallel add like resistors in series.
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4.3 Inductors

Another important linear circuit element is the inductor. Whereas a capacitor
stores its electrical energy in an electric field, an inductor takes advantage of a
magnetic field.

As we’ll soon see, there are many similarities in the methods we use to solve
circuits with inductors and capacitors.

Physically, inductors are coils of wire that are tightly wrapped around a core,
which is typically made of a magnetic material such as iron. The current trav-
eling through the wires induces a magnetic field in the core, which then comes
back and produces an effect on the current.

Above: an example of an inductor - a coil wrapped around a core

4.3.1 1I-V Relationship for an Inductor

Using the laws of electromagnetism, the following relationship may be derived
for an inductor:

dl
V=L—
dt

Notice the interesting similarity of this equation to the current-voltage relation-
ship for a capacitor! Instead of capacitance, inductors have inductance (L),
which is measured using the Henry (H).

Once again, since the derivative is a linear transformation, the current-voltage
relationship for an inductor is linear.

Let’s now use this inductor differential equation to examine how an inductor
functions in the simple RL (Resistor-Inductor) circuit below. Note the coil-like
symbol for an inductor.
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We now follow a procedure that’s much the same as that for the capacitor. First,
since we know an expression for the voltage across an inductor (V = LdI/dt),
we begin by writing a KVL expression for the circuit.

Ve=Vr+ Vg (106)

Substituting in Ohm’s Law for the resistor and the inductor expression for the
inductor, we find:

di
Ve=iR+ L— 107
1R+ a (107)
Vo R di
7 Zf + T (108)

We now recognize that this differential equation is of the same form as the
capacitor equation. It may thus also be solved using the integrating factor
formula. Applying this formula, we find (for some constant of integration k):

Vs _R
i(t) = 5 — ke rt (109)

Let’s solve for k for the case that at t=0, the voltage source is disconnected and
current is 0.

— ke? (110)
(111)

Substituting back into our i(t) equation and factoring out Vi/R, we arrive at
the formula:

i(t) = %(1 —e 1Y) (112)

Notice how similar this formula for i(¢) is to the V,(¢) formula for a charging
capacitor!
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Due to this similarity, just as we defined the capacitor time constant, we may
also define the inductor time constant. Recall: the time constant is the value
of time that makes the exponent equal to 1.

Noting that the exponential term here is %t, we conclude by the same method-
ology as for the capacitor that the inductor time constant is L/R.

4.3.2 Inductors in Series and Parallel

As with capacitors and resistors, it can be helpful to determine the equivalent
inductance of inductors in series and parallel. For the sake of brevity, the
derivations have been omitted in this section.

Using a similar derivation to series capacitance, we find for inductors in series,
inductance adds:

Leq:ZLj:L1+L2+...+Ln

J

For inductors in parallel, 1/inductance adds:

n

172171+1+ L1
=2 7=

Leq J Ll L2 Ln

Note that equivalent inductance is calculated in the same way as equivalent
resistance!
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4.4 RLC Circuits

In introducing inductors and capacitors into our circuits, we’ve seen the in-
creased complexity that comes with circuits whose quantities change in time.
Instead of voltage and current being simple constant values, we’ve found them
to change with time.

However, thus far, we’ve only considered circuits with capacitors and inductors
in isolation. What happens if we combine resistors, inductors, and capacitors
in a single RLC circuit?

To answer this question, we now present an analysis of a series RLC circuit. As
we develop the equations for an RLC circuit, take note of the intricate structure
that can be achieved through simple electronic components!

Draw a graph of the current in the circuit versus time. Assume that before time
t =0, the capacitor is uncharged and zero current flows through the circuit. At
time t = 0, the voltage source is connected.

2H

Y

2 2
Above: the series RLC circuit.

We may begin by writing a KVL expression around the loop. Assuming the
current direction in the drawing below, we write:
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Veo=Vr+VL+V, (113)

Now, substituting the voltage-current relationship into each term, we find:

R+L + / (114)

Note that 7 is used as a “dummy variable” for ¢ in the integral, and that the
integral is derived from the capacitor expression i, = C d;;“ .

To solve this challenging equation, we must change variables and turn it into a
familiar form.

We begin this process with the definition I = d@/dt. Using this definition, we
may change this differential equation from an equation in terms of current to
an equation in terms of charge! We now write:

Q Q1
Rt Los + =5Q =V, (115)

Rearranging and dividing by L, we now recognize this equation as a linear second
order ODE.

a2Q RdQ 1

2 T Tar TefT (116)

Now, we follow the solution procedure for a second order ODE. First, we find
the characteristic polynomial and substitute in our given values:

R 1
- - = 11
s+ 5+LC 0 (117)
1 1
- = 11
s+25+2 0 (118)

Now, using the quadratic formula, we may solve for the roots of the characteristic
polynomial, which are complex (note that we use v/—1 = j):

_ —bxVb? —dac

o (119)
1, VT

Using ODE theory and this result, we can infer several things about the circuit:

1. Because the roots are complex, there will be sines and cosines in the
solution.

2. Because the real parts of the roots are negative, there will be an exponen-
tial decay in current as time goes on.

With these two constraints, we may infer that the current in the circuit may be
represented by a graph similar to:
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Using the solution for a second order linear differential equation, we know from
the roots of the characteristic equation that:

q(t) = e~ * ¢y sin(YTt) + ¢o cos( %L t) (121)

This is the general solution to the RLC circuit problem. By differentiating our
q(t) expression, we may convert back to current. Following this, we may apply
our boundary condition that at ¢ = 0, voltage V = V4.

Following through with this analysis, we find that for an RLC circuit, the solu-
tion will be of the form:

i(t) = Cre”* cos(wt) + Coe™*' sin(wt) (122)

For o, w, C7, and C5 constants.

4.5 Parasitic Resistance, Capacitance, and Inductance

Although in electronics, we often think of resistors, capacitors, and inductors as
separate components, in the real world, this isn’t always the case.

Although a resistor is built to have only a resistance, due to material properties
and imperfections, there is always some small capacitance and inductance in
every resistor. These unintentional capacitances and inductances are said to be
parasitic.

Similarly, a capacitor may have a parasitic resistance and inductance, and an
inductor a parasitic resistance and capacitance.

Since in our models of circuits, we deal primarily with ideal components, this
is something we consider to be negligible. However, in the real world, although
the effects are typically small, parasitic resistance, capacitance, and inductance
can be something important to consider.
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5 Introduction to Phasors

So far, we've developed a number of powerful techniques for circuit analysis.
We've looked at KCL and KVL, and have defined laws for how current and
voltage interact in a number of circuit components.

In our analyses so far, we’ve always relied on one fact: that the signal supplied
by our source is constant. In this section, we’ll generalize what we’ve learned
about constant (DC) signals to the world of sinusoidal (AC) signals.

Along the way, we’re going to make use of complex numbers to make exciting
conclusions about how sinusoidal signals can be represented and manipulated.

5.1 Complex Numbers

Before we jump into the details of AC circuit analysis, it’s important to have
a strong understanding of complex numbers. Let’s briefly review some of the
fundamentals.

First: what is a complex number? As you may remember from your math
courses, a complex number is a number that may be expressed in the form:

n=a+bj (123)

For a and b real-numbered constants and j = /—1. Something interesting to
note here is that unlike in mathematics, where we called v/—1 “4,” in electronics,
we use j to avoid confusion with current.

Based on this definition, n = a + bj, every complex number has a real and
imaginary part, defined as follows:

Re(n) =a (124)
Im(n)=>5 (125)
How may we represent a complex number outside of this simple notation? As
it happens, there are lots of useful and insightful ways to think about complex
numbers. One of these ways is to think of a complex number as a vector that

extends from the origin. Using the x-axis as the real component and the y-axis
as the complex component, we may graph a complex number as follows:

/\IM
[ SO

M
.
\J

N
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As you can see, the complex number is represented by a vector of length /a2 + b2
positioned at an angle phi (¢) to the real axis. Using this graph, we can derive
the following useful relationships:

[n| = Va2 + b2 (126)
¢ =tan"' () (127)
[n| is known as the magnitude of the complex number, while ¢ is known as
the phase.
Now that we’ve defined some key quantities for a complex number, let’s discuss
an important relationship known as Euler’s Identity. Euler’s identity for a
complex number expresses the following surprising fact:

e’ = cos(#) + j sin(f) (128)

What this identity tells us is that complex numbers are intricately linked to
sinusoidal, oscillating functions through the exponential function e*.

Where does this formula come from? Let’s write a short proof for Euler’s
Identity to find out. We begin our proof of this statement by looking at the
Taylor expansions of the exponential, sine, and cosine functions:

92 n
0 _
=104+t (129)
) 6 0°
Slnﬁzﬁ—i—l—ﬁ— (130)
6 04
608921—54-1—... (131)

Let’s take the Taylor expansion of /Y and see if we find any interesting infor-
mation.
. 2 03 04
=140 - o gt gyt (132)
Separating the real and complex terms of this expansion, we write:

0 62 6 63

o (12 L2 _ o —

e =(1 o1 + 1 )+ e +..) (133)
We recognize the real part of this expansion as the Taylor expansion of cos6
and the imaginary part as the Taylor expansion of sinf. Thus, substituting in
the sine and cosine functions for their expansions, we conclude:

36

e?’ = cosf + jsinf

And the identity is thus proved!
Because e/’ = cos #+ j sin # matches the form n = a+ jb, Euler’s Identity allows

71



ME 100 M. de Sa

us to write complex numbers in exponential form. The exponential form of
a complex number is:

n = |n|es? (134)

For |n| the magnitude of the complex number n and ¢ the phase.

Now that we have several methods for representing complex numbers, let’s dis-
cuss a valuable “counterpart” that each complex number holds. Every complex
number n = a+bj has a complex conjugate 7 = a—bj. The complex number
and its conjugate have the useful property that n -7 = a? + b2. Let’s solve for
this property:

n=a-+bj (135)
n=a—bj (136)
n-m=(a+bj)la—bj) (137)
n -7 = a®+ abj — abj — b2 (138)
n-m=a*+b? (139)

When might we want to make use of this property? When simplifying fractions
of complex numbers, we often use the complex conjugate to remove complex
numbers from the denominator. For example, if we want to simplify the follow-
ing:

1+2j
n =
2 4j

(140)

We may multiply the numerator and the denominator of the fraction by the
complex conjugate of the denominator, 2 + 4j5.

1+27 2+45

pe -t 2t% (141)
2—-45 2445
(1+25)(2+4j)

n= I (142)
—6+8j

- 14
" 20 (143)

As you can see, we’ve eliminated complex numbers from the denominator and
have simplified n into an easier form.

5.2 Phasors

Now that we’ve developed the necessary background for complex numbers, we
can begin to explore AC circuit analysis. AC analysis is centered around the
question: what happens if our current and voltage sources aren’t constant?
Instead of outputting a constant voltage such as V = 10V or a constant current
such as I = 2A, an AC source puts out an oscillating current or voltage, such
as in the graph below:
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Above: an AC voltage signal (in red)

In general, we express all sinusoidal AC currents and voltages in the form:

‘ V() = Vs cos (wt + ¢) ‘ (144)

For V; the amplitude of the wave in units of Volts or Amps, w the angu-

lar frequency in radians/second, and ¢ the phase of the wave in radians or
degrees.

vie) - Vs(wt +¢)

L
Angle

{i?j 0. ShiFF /:_-t,_mr

b>0: swikt e

Note that if you’re given a voltage in terms of the sine function instead of cosine,
you should convert it to the cosine standard form with the following equation:

sin(f) = cos(f —90°) (145)
Let’s quickly think back to our analysis of circuits with capacitors and induc-

tors. Recall that when capacitors and inductors are introduced to a circuit, we
encounter challenging differential equations, such as the one below:

Rz’+Ldi+1/ti( )dr = V. (146)
a " c ), T

With sinusoidal voltage and current sources, these equations would only become
more intimidating to solve!
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Thus, when dealing with AC sources, we’d like to find a way to avoid differential
equations entirely. The answer to how we can do this lies in phasor analysis,
which relies on complex numbers to avoid the need for differential equations.
Let’s now develop the tools we need for phasor analysis. First, imagine we have
some sinusoidal signal as a function of time in standard AC form:

V(t) = Vs cos (wt + ¢) (147)

Looking back to Euler’s Identity, e/ = cosf + jsinf, we notice something
interesting: the standard form for voltage is equal to the real part of Euler’s
identity.

V(t) = Vi cos (wt + ¢) = Re(V,e! @) (148)

Using Euler’s Identity, we’ve now jumped from a sinusoidal function to an ex-
ponential function. Let’s take a closer look at the exponential function and see
if we can come up with a graphical interpretation.

Thinking back to the idea that a complex number a + b5 may be graphed as
a vector, and that a + bj = €%, we now realize that the formula Ve («w!+®)
represents a vector that rotates around the origin with time.

Slwtp)
Aol
t=4 £:0

- [ - |
-~ ’ ¢
.
-
. bl

& 2

This vector rotates with an angular velocity of w radians/sec, and at time ¢t = 0,
has a phase angle of ¢.

Let’s continue developing our mathematical representation by expanding the
term in the exponent.

V(t) = Re(Vie!@tHo)) (149)
= Re(V,e/*t1i%) (150)

Now, by using the property of the exponential function: e®*® = e%e?, we find:

V(t) = Re(Vie? - e3*) (151)
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Before we proceed further, let’s discuss an interesting property of AC circuits.
In any AC circuit with linear components (resistors, capacitors, and induc-
tors), the frequency w will never change. We can verify this by applying the
current-voltage relationship for each resistor an observing that the frequency is
unaffected by each component.

What does this mean for the equation we just defined? If frequency w never
changes, then we can solve the circuit just by focusing on the phase and the
magnitude. As such, we take the equation V (t) = Re(Vie/? - e/**) and focus on

the term:
-

This term is known as a phasor (written as V;). A phasor extracts all of the
information we need for circuit analysis from a signal.

In particular, the form V,e’? is known as the exponential form of the phasor.
We may use it to describe the characteristics of a voltage source that oscillates
with time. Vj is the magnitude of the voltage source, and ¢ is the phase.

Note that phasors are always written with a “tilde” ~ or an “overline” V above
the letter.

Thinking back to the graph we plotted earlier, we realize that the phasor for
voltage is simply the complex voltage vector at time ¢ = 0.

u.:t-"'d d’/

R

Ad t“-o-.\f.st':é
= Uy
& 2

v

Now that we have a streamlined description of our signal, we can use the rules
of complex numbers to rewrite our phasor in other forms. The first form we’ll
define is the standard form. When in standard form, the phasor Vie/? is
written:

V, =V, 2o (153)
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Using the complex number identities we defined earlier, we may also convert
the phasor to complex form.

V, = a+bj (154)
a = Vscos¢ (155)
b= Vssing (156)

If we have a phasor in complex form and we’d like to convert back to standard
form, we may use the complex number identities:

‘/s = \/a,2+b2 (157)

¢ =tan"*(b/a) (158)

Let’s now work through an example to convert from a sinusoidal function to its
phasor.

Find the standard form phasor of the voltage V (t) = 10 cos (100t + 45°).

When converting from V(¢) to phasor form, we use the following procedure:

1. Check that V(t) is in standard form. Recall that signals must be
expressed in the standard form V' (t) = V; cos (wt 4 ¢) to use to the phasor
representation. If a sine function is provided instead of the cosine function,
convert to cosine by subtracting 90° from the phase. In this case, the
provided equation is in the correct form.

2. Identify the magnitude and phase. The magnitude, 10V, is the co-
efficient of the cosine function. The phase, 45, is the angle added to the
time term in the cosine function.

3. Substitute the terms into the standard form equation. Using the
magnitude and phase found in step 2, substitute into the standard phasor
form equation, Vs = V,Z¢. This gives us our answer:

V, = 10245 (159)

When using phasors to solve circuits, all of the circuit rules we've discussed so
far (Ohm’s law, KCL, KVL, superposition, equivalence) still apply! But, now
that we’ve removed time from our equations, how do we define the impact that
capacitors and inductors have on our circuit?

5.3 Impedance

To define the effects of resistors, capacitors, and inductors on AC circuits, we
define the impedance of a component. Impedance may be thought of as resis-
tance but for all linear circuit components. We define impedance (Z) as:

7 =

’\u‘ <

(160)
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In words, impedance is the phasor for voltage divided by the phasor for current.
Note the similarity of this expression to Ohm’s Law, which may be expressed
as R = V/I. Instead of just resistors, however, impedance applies to capacitors
and inductors as well.

Let’s now solve for the impedance of our linear circuit components. First, we
evaluate impedance for a resistor, which is trivially found through Ohm’s Law.

~l <

Zp = (161)

We recognize through Ohm’s Law that V/f is equal to R. Thus, a resistor’s
impedance is the same as its resistance.

162

Let’s now carry out a similar analysis to find the impedance of a capacitor. This
time, let’s begin with the equation for current across a capacitor:

-V,

I=C—°

dt

Now, we're faced with an interesting challenge: we have the take the derivative

of a phasor! To do this, we start by converting V, into complex form. Recall
that a sinusoidal voltage may be represented by the equation:

Vo(t) = Re(V,e! ) (164)
Ve(t) = Re(Vie!*'e??) (165)

(163)

Taking the time derivative of this equation, we find:
dv,
dt

Now, we find the phasor of this term. Recall that to find the phasor, we simply
find the coefficient of the e/** term. This leaves us with the equation:

v,
dt

We’ve now successfully found the derivative of our phasor for voltage. Now, all
that’s left is to substitute back into our current-voltage relationship. Substitut-
ing, we find:

= Re(jwV,el?elt) (166)

= jwV,el? (167)

av
dt
I = jwCV,e'? (169)

I=cC (168)

Looking closer at this equation, we find something interesting. V,e/?, which
appears at the end of the expression, is the phasor for voltage. Thus, we may
rewrite the above equation as:

I =jwCV (170)
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Bringing this equation back to our definition of impedance, Z = f// I, we rear-
range and find:

1 1%
—_— = = 171
jwC T (171)
Thus, the impedance of a capacitor, Z., is defined as:
1
Zp= —— 172
Tl (172)

Just as we defined the impedance of a resistor and capacitor, we must also define
the impedance of an inductor. We begin with the current-voltage relationship
for an inductor:

- dI
= L— 1
14 ) (173)

Now, we follow a very strategy very similar to that used to calculate the
impedance of a capacitor. Representing the current through the inductor in
complex form, we may find its derivative with respect to time:

I(t) = Re(I e @tH9)) (174)
I(t) = Re(I e??el*) (175)

Taking the time derivative, we find:

dl

i Re(Ipjwel?elt) (176)

Thus, the phasor of the derivative of current is:
— = jwlLel? (177)

Recognizing I1e’? as the phasor for current, we then substitute Z—{ back into
our current-voltage relationship and write:

V = jwLI (178)

Dividing by I, we find:

= jwL (179)

~l <

Since impedance is defined as \7/ I, we thus conclude that the impedance of an

inductor, Zp, is:
(50
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Note the similarity in the forms of capacitor and inductor impedance! Also
note that since to the formula for impedance, Z = V/I, has the same format
as Ohm’s Law, R = V/I, impedance has units of ohms (2) no matter which
component is used.
In summary:

Component ‘ Impedance ‘ Units

Resistor R Ohms(§2)
Capacitor ju}% Ohms(£2)
Inductor JjwlL Ohms(§2)

What does the definition of impedance mean for finding the equivalent impedance
of groups of circuit elements?

Because all of the components are now governed by the same equation, Z = 1% / I,
which is of the same form as Ohm’s Law, we may add together groups of com-
ponents (resistors, capacitors, and inductors) just as we would with resistors!
Thus, for a group of n components (resistors, inductors, and capacitors) in se-
ries, the equivalent impedance is:

‘Zeq:21+22+...+2n‘ (181)

And for n components in parallel, we may write:

L1 1
Zeq_Zl Z2 Zn

Let’s now solve an equivalent impedance example problem.
Find the equivalent impedance of the components in the circuit below:

&
=

When finding the equivalent impedance of a group of components, we may use
the following procedure:

1. Redraw the circuit with boxes instead of components. When
working with AC circuits, it’s convention to redraw each component as a
simple box instead of the actual component drawing. This reinforces the
idea that each component follows the same law for impedance, current,
and voltage: Z = 1% / I. By replacing the components with boxes, we're
indicating that we’re now thinking of the components simply in terms of
their impedances. After redrawing, we label each component.
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L 4

2.1 []2

—
Za

Above: the redrawn circuit with components labeled as boxes

2. Apply the equivalent impedance formulas until a single compo-
nent remains. Using the formulas for equivalent impedance, we first
recognize that the components Z; and Z¢ are in parallel. Thus, we may
use the parallel impedance formula to simplify the circuit to the following:

- 1

?%,

Zn

Where by the parallel impedance formula, Z.4; is:

1 1N\ Z.Z
) = “Lic (182)

Tn= (Ls L) Ate
a ZL+ZC Zr+ Zc

To get the circuit to one equivalent component, we must reduce again.
Looking at the circuit above, we realize that Z.q; and Zg are in series.
Thus, we may use the formula for series impedance to simplify the circuit
to a single equivalent component:

—]

Zey

Using the series formula and substituting our value for Zgq::

Zeq =Zr+ Zeql (183)
ZrZc

Zow = Zn + —L2C_ 184

q R + ZL + ZC ( )

80



ME 100 M. de Sa

3. Substitute in the impedance of each component. Using the formu-
las for the impedance of resistors, capacitors, and inductors, substitute in
values to find the total equivalent impedance.

Z1Z¢c

Zow =7 =T 185
1 R+ Z1, + Zo ( )
1 .
oo )UwL
Zeg =R+ ({C)# (186)
() + (L)
Using the laws of complex numbers, we simplify this expression to:
~CLRW+jwL+R

Zuy = - e L (187)

CLw? -1

Thus, the problem is complete!®

5.4 Solving Circuits with Phasors

Now that we’ve defined the necessary theory for phasors and have discussed the
important concept of impedance, we’re ready to solve AC circuits using phasors.
At this point, you may be asking yourself - so what? At the moment, phasors
may seem like an overly complex way of solving problems with AC circuits.
From complex numbers to sometimes challenging identities, at first sight they
may seem to be more trouble than they’re worth.

However, as we’ll soon see, phasors make the analysis of AC circuits almost as
simple as our previous DC analyses.

The main reason for this is that with phasor analysis, all of our past circuit
principles, KCL, KVL, equivalence, and superposition, still apply! This incred-
ibly useful result means that we may solve AC circuits using methods almost
identical to those we’ve developed thus far.

Let’s now illustrate the process of phasor analysis with the following example:
Solve for the steady state voltage across the 109 resistor:®

2LH

| F
\VAD
lo o

Ve (t): |0 Sha 0006 + #5°)

8Problems such as these can be greatly simplified with the use of the MATLAB Symbolic
Library, which can simplify complex number expressions.

9In Phasor Analysis, we solve for the steady state voltage and current - that is, voltage
and current after the initial “unstable” transient response has died out.
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Note that when we have an AC source, the voltage source is drawn with a ~
inside rather than a +. Let’s now develop a procedure for solving AC circuits.

1. Convert all sources to standard AC form. Recall that the standard
AC form for a source is:

V(t) = Vs cos (wt + ¢) (188)

Using this form, we developed the theory for phasor analysis. Thus, we
must ensure that all of our sources are written in this way. Looking at
our source Vg, we realize that it is not yet in standard form. To convert,
we use the relationship:

sinf = cos (6 — 90°) (189)

Using this formula, we find:
Vi(t) = 10 cos (1000t — 45°) (190)
2. Convert all sources to phasor form. Now that all of our sources are
in standard AC form, we may convert them into phasor form. Here, we

only have one source that we need to convert. Let’s use the exponential
form to represent our voltage source.

V, = V,el? (191)

V, = 10e45° (192)

3. Redraw the circuit with boxes for each component. Find the
impedance of each component. Recall that when working with pha-

sors, we redraw each component as a box to emphasize that we only care
about the impedance. Redrawing the provided circuit, we find:

—
&.

Ze

Zo

Now, we define the impedance for each component:

71, = jwL = j(1000)(2) = 20005 Q (193)
1 1
Jo=— o= 194
7 uC T 10005 (194)
Zr=R=10Q (195)
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4. Use Kirchoff’s Laws to write equations for the circuit. At this
point in the analysis, we may solve the circuit just like any DC circuit!
Let’s write a KVL expression for our circuit. Note that we still assume a
direction for current and use the same sign convention as DC circuits.

=

Using our sign convention, we write out the following KVL equation:

Vz, +Vze +Vz, = Ve =0 (196)

5. Apply the phasor current-voltage relationship. Solve for current.
Now that we have our KVL expression, we may apply the phasor current-
voltage relationship Z = V /T (just like Ohm’s Law!) to develop a solvable
equation. We thus write:

IZ,+1Zc+12r—V,=0 (197)

Now, we solve this equation for I:

2,4+ 1Zc+1Zr =V, (198)
(Zp+ Zo + Zg)I =V, (199)
V. 5
7 200
Zr+Zc+Zg (200

Note: don’t substitute values for V, or impedance until the end of the
problem. This way, we can avoid complex number arithmetic until the
last step.

6. Substitute back into the I-V relationship. To solve for the voltage
across the resistor, all that remains is to substitute our formula for I back
into the current-voltage relationship, Z = V/I.

Vi =IprZr (201)
Substituting for I, we find:
~ ViZg
VhR= ——7——— 202
T 2L+ Zo+ Zr (202)
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7. Substitute impedance and source values. Solve for voltage in
complex form. Now that we have an expression for voltage across the
resistor, we first plug in our impedances.

- 10V,
VR = A 1
20005 + To00; T 10

(203)

Now, to find a useful formula for Vg, we must convert our phasor for V,
into complex form before plugging it in. Using the formula for complex
form (a + bj), we find:

Vi =a+bj (204)
V| =10 (205)
a=|Vi|cosp = 10cos (—45) = 10 (206)
— V. - =
b= |V,|sin¢ = 10sin (—45) = —% (207)
L1
V.= 2(1-3) (208)

V2

Now that we have V, in complex form, we may plug it into the expression

for VR.
- 10V,
p— (209)
2000] + 10005 + 10
- 100(1 — §
V= ) (210)

V2(20005 + 15557 + 10)

Now, using complex arithmetic (or a program such as MATLAB) to sim-
plify, we find:

Vi = —0.0352 — 0.0355; (211)

8. Convert the answer to a function of time Now that we have the
voltage in complex form, we must convert it back to phasor form and then
convert it to a function of time.

We begin by converting it to phasor form. We can do this by finding the

magnitude and phase of the complex number. '°
Vel = Va2 + b2 = 0.05 (212)
¢ = tan"'(b/a) = —135 (213)

10The MATLAB functions abs() and angle() respectively return the magnitude and phase
of a complex number.
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Thus, the phasor for voltage is:
Vi = 0.05¢ 7135 (214)

Since we know frequency is unaffected by our linear circuit components,
we may thus write this as a function of time using the frequency of the
voltage source (w = 1000). Thus, the voltage across the resistor as a
function of time is:

Vi (t) = 0.05 cos (1000t — 1357 (215)

And our solution is completed!

As you can see, the process for solving AC circuits is very similar to that for
solving DC circuits! The only difference is: we have a few extra steps at the
beginning and end to process our complex numbers.

Looking back on the problem we’ve just solved, you may be able to appreciate
some of the magic that’s just happened! By solving the circuit with phasor
analysis, we were able to avoid differential equations entirely and find a purely
algebraic solution.

5.5 Generalizing Phasor Analysis

In our example and discussion of phasors so far, we've encountered problems
with a single source operating at a certain frequency. What happens if instead
of a single frequency, we have multiple sources, each with their own frequencies,
to deal with?

|
|

N\,
éﬂ.‘ LY () o,
w, o of

—
Ly

L
V\:_ \}|6\95(w|t+¢l)
\}. CLos \ s - E 2 \:&; {}

..\)".I v e p =

To solve circuits such as the one above, with two or more frequencies, we may
use superposition to analyze the circuit one frequency at a time. At the end, as
we do in a normal superposition analysis, we simply add the resulting signals
up!

We can also apply this idea of adding multiple frequencies if we have a highly
complex signal such as the one below an an input to the circuit.
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Here, we have a function that’s composed of two sinusoids of different frequen-
cies. Although the resulting signal looks complex, we may apply the same idea
of analyzing each frequency separately and adding the results.

This idea of adding sinusoids of different frequencies to produce a more complex
signal is detailed in Fourier’s Theorem, which states that an arbitrary periodic
signal can be expressed as a sum of sinusoids.

v N
V(t) = 70 + ) Ay cos (wnt + ¢n) (216)
n=1

Because we'’re able to express any repeating signal as a sum of cosines, phasor
analysis may be applied to any repeating signal.

Although the details of breaking up signals of multiple frequencies are out of
the scope of ME 100, thinking of some of the complex signals you can make is
an interesting exercise!'!

1You can learn more about the analysis of signals in courses such as ME 132 (dynamic
systems & feedback control), EE 120 (signals & systems), and Math 118 (fourier analysis,
wavelets, and signal processing).
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6 Frequency Response

In our most recent studies in electronics, we learned a new method to analyze
time-varying signals. Recall that instead of using our typical notion of an AC
signal, a sinusoidal'? function that changes in time, we opted to use complex
numbers to represent the the inputs to our circuits.

As we saw, this not only simplified the style of analysis, through eliminating
the need for differential equations, but also enabled us to use circuit analysis
techniques very similar to those for DC circuits.

Now that we’ve introduced the fundamentals of phasor analysis, we look to
gain even more insight into the world of time-varying signals. In this chapter,
we provide a more in-depth discussion of the response of circuits to sinusoidal
signals, known as frequency response.

6.1 Phasor Operations

Before we continue with our analysis of AC circuits, it’s important to develop
several further properties of phasors that will help us at a later stage in our
analysis.

One operation that will often come up in our problems is phasor division. If
we have two voltage phasors, for example, Vi and ‘72, how may we conveniently
calculate V4 / Va? To answer this question, we turn to the exponential form for
a phasor. Recall that in exponential form, a phasor may be represented as:

V =V.,el? (217)

Now, let’s represent our two signals, Vi and Vs, in this form. We may express
them as:
Vi =Viel® (218)
Vy = Vael 2 (219)
b

Now, using the division rule for the exponential function, e® /e’ = e we may
divide V7 by V5 as follows:

|4 B Vlej%

Vy  Vaei®: (220)

% _ %ej%*j(bz (221)
2

i Vi

‘71 _ 7263(051—052) (222)
2

This tells us that dividing two phasors gives us a new phasor with a magnitude
equal to the quotient of the magnitudes of the two phasors and a phase equal

12Note: both sine and cosine are “sinusoidal” functions.
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to the difference in the phases of the two phasors. }
Expressing this result in standard phasor form, if we have two phasors, Vi =
ViZ¢y and Vo = Vo Lo, using the result from the exponential form, we know:

== =21 — P2 (223)

Just as we defined a formula for phasor division, we can also define a formula for
phasor multiplication. Using a similar derivation (start at the exponential form
and use exponent laws), we find that the product of two phasors is as follows:

Vi-Vo=ViValey + 62 (224)

As we continue to develop our understanding of the frequency response of cir-
cuits, we’ll keep these two useful operations in mind.

6.2 Filtering

As you’ve no doubt seen in your lab sections, electrical noise is a significant
challenge to overcome in circuits.

Whereas in theory, signals are perfectly smooth and regular, in practice, we often
end up with unintended background noise that interrupts our signal. Noise may
be thought of as an unintentional signal that distorts our desired signal.

CLEAN

/
e

Above: A red signal with high frequency noise, compared to the desired clean
blue signal beneath.

m

Let’s consider a practical example of noise: listening to music through head-
phones. If the headphones aren’t of a particularly high quality, you might often
hear a hum or whine in the background in addition to the musical signal you
want to hear. This is another example of undesired noise.

In electronics, we're often faced with the intimidating challenge of eliminating
noise. To reduce the effects of noise in our circuits, we design special circuits
known as electrical filters.

Let’s now set up and motivate the problem statement for an electrical filter. We
may model a filter with the following diagram:
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i ' +
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On the left side, we have a noisy voltage signal, V;,, which we’d like to filter.
We'd like this noisy voltage signal to enter our specially designed filter circuit
and come out on the other side as V¢, the clean signal that we desire.

6.2.1 Transfer Functions

Before we dive into the details of how we design these filter circuits, it’s impor-
tant to develop several concepts that are key to filtering. The first of these is
the transfer function.

Notice that in the circuit above, our entire circuit problem revolves around two
quantities: V,,; and V;,. The transfer function for the circuit is the ratio of
Vout to Vi in phasor form. Because our transfer function is in phasor form, it
will be a function of frequency, w. This is because our filter circuit, which may
contain capacitors and inductors with w dependent impedance, will impact the
ratio of V,,; and Vj,.

Mathematically, using H(w) as the name of our transfer function, we express
the transfer function as:

H(w) = - (225)

From this form, we can see that a transfer function is simply the quotient of two
phasors. Therefore, to find the magnitude and phase of the transfer function,
we can use the phasor division relationships we just derived.

To find the magnitude of a transfer function, we divide the magnitude of the
numerator by the magnitude of the denominator.

_ |Vout‘
|Vin|

|H (w)] (226)

To find the phase of a transfer function, using the formula for dividing two
phasors, we find that the phase is the phase of the numerator minus the phase
of the denominator.

ZH(W) = Zf/out - 4‘7m (227)
Let’s practice finding a transfer function with the following example.

Find the transfer function H(w) = f/out/f/m for the following circuit:
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p
™~ —

When finding the transfer function, we may use the following procedure:

1. Convert the circuit to phasor form. Recall that when applying pha-
sor analysis to a circuit, we begin with two things: first, we redraw the
circuit with boxes for components. Second, find the impedance of each
component. Completing these two steps, the circuit will now look like the

following:
8
72 JWL +
o L ’ v
P iy s out

2. Solve for Vo as a function of Vj,. Now that we've redrawn our
circuit and prepared it for phasor analysis, we may use our circuit analysis
techniques to solve for V,ut in terms of the other circuit variables.

Let’s begin by writing a KVL equation around the loop in the circuit and
solving for I, the phasor for current. This will help us in finding V,q.

Vi + Vi + Vo —=Vin =0 (228)
ZRj+ ZLi+ ch = ‘Zn (229)
(Zn+ 70+ Ze)i = Vi (230)

7, i
- =1 231
Zr+ 2+ Zc ( )

Now that we have I, we may solve for the voltage drop across the capacitor.
Looking closely at the circuit, we find that this equals V.. Let’s plug
into the impedance current-voltage relationship and solve.

Vour = Vo = 1Z¢ (232)

‘7 VinZC
out — 233
t Zr+ 2+ Zc ( )
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3. Solve for Vgus /\2},,. Now that we have an equation for f/out, we simply
rearrange to find Vot /Vip.

ut _ ZC
Zr+ 21+ Zo

zs’

in

4. Substitute in impedance values. Now that we have all we need to
solve for the transfer function, all that remains is to substitute values for
the impedance of each component.

Vout ZC

H(w) = — 234
_1

Hw) = —v¢ 235

@) =77 JwL+ 2o (235)

We now have our final transfer function as a function of frequency, w.

6.3 The Low Pass Filter

Now that we’ve developed an appropriate background in transfer functions, let’s
turn our attention back to filtering. Consider the following filtering problem.
Imagine we're trying to measure a low frequency signal, but we’re encountering
a significant amount of high frequency noise. How can we design a filter to
preserve our desired low frequency signal and block out the high frequency
noise?

The following circuit, called a first order low pass filter, is designed to do just
this. A low pass filter passes low frequency signals, and rejects high frequency
signals. Note that the term “first order” comes from the fact that a first order
differential equation can describe the circuit.

&

Above: A first order low pass filter. By adjusting the values of R and C, we
can select which frequency signal we’d like to block out.

What exactly do we mean by pass and reject? When a signal passes through
a filter, it comes out of the filter with a phase and magnitude very close to the
original. When a signal is blocked by a filter, it comes out of the filter with a
magnitude close to zero.
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Let’s now solve for the transfer function of the low pass filter circuit, and see
what information it can tell us about how the low pass filter actually works.
First, let’s redraw the circuit as a phasor circuit with impedances.™3

Using this circuit, we may write the KVL equation around the loop to find:
Zrl+ ZeI — Vi =0 (236)

To find the transfer function, we may begin by solving for current.
(237)

Now, to solve for f/out, we recognize that f/out is the same as f/c, as they’re
measured across the same nodes. Thus, applying the phasor I — V relationship
to the capacitor, we find:

Vout = VC = j:ZC (238)

> ‘ZnZC'

Vout = 5——— 239
t Zr+ Zco ( )

Now, we divide both sides by V;, to get our transfer function, H (w) = Vout / Vin.

Vout _ ZC
Vi Zr+ Zc

H(w) = (240)

Substituting in our values for impedance and simplifying, we arrive at our for-
mula for the transfer function as follows:

1

H(w) = % (241)
R+ 55
1
H [ — 242
() jwRC +1 (242)

Let’s now find the magnitude and phase of this transfer function, and see what
useful information we can extract!

13Notice that the low pass filter circuit is actually a voltage divider! You may use the
voltage divider equations to speed up your analysis instead of starting from KCL and KVL.
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Recall, the magnitude of a transfer function is equal to the magnitude of the
numerator divided by the magnitude of the denominator. Using the complex
magnitude formula, we arrive at the following result:

__ Iy
~ JjwRC +1]
1

Ww2R2C? +1

As we can see from this formula, if we plug in a very low frequency for w, the
magnitude of our transfer function will be very close to 1. This means that
the magnitudes of low frequency signals will be preserved by the low pass filter.
Alternatively, if we plug in a high frequency, we find that the magnitude of the
transfer function approaches 0 - thus, high frequencies are rejected by the low
pass filter!

Plotting magnitude versus frequency on a graph, we produce the following plot:

|H (w)] (243)

|H(w)| = (244)

A\|Blw|

V4

Above: The magnitude vs. frequency plot for the low pass filter. Low
frequencies are preserved, while high frequencies approach 0.

Let’s now carry out the same analysis for phase. If our low pass filter works, then

the phase shift for low frequency signals should be very close to zero. Recalling

that the phase of a transfer function is the phase of the numerator minus the
phase of the denominator:

/ZH(w) = /41— Z(jwRC +1) (245)

(246)

Applying the formula for the phase of a complex number:

/H(w) =0 —tan" Y (wRC) (247)
/H(w) = —tan"(wRC) (248)

Plotting this result, we observe that once again, low frequencies are preserved,
and have only a small phase shift from their original.'*

14Note that since we're not concerned with preserving the high-frequency signals, we’re not
concerned with their phase.
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. >0

Vv S\
Above: The phase plot for a low pass filter. Note that low frequencies have
only a small phase shift.

Thus, our low pass filter is successful!

6.4 Decibels and Bode Plots

You may have noticed in the graphs of magnitude and phase versus frequency
that we were only able to describe a limited range of frequencies and magnitudes.
Since noise can often be of a very high frequency compared to our desired system,
we want to expand what we’re able to fit on our graph to include a wider range
of frequencies and magnitudes. How can we do this?

First, we define a new unit of magnitude, called the decibel (dB). The decibel
to magnitude conversion ratio is defined as follows:

|H (w)]ap = 201log(|H (w)]) (249)

In words, the magnitude in decibels is equal to 20 times the log (base 10) of the
magnitude of the transfer function. This log scale will help us display a much
wider range of magnitudes, corresponding to a wider range of frequencies, in
the same amount of space.

Let’s now practice converting magnitudes to decibels to get a feel for this new
unit. It’s important to pay close attention to the sign in the following examples.
Convert the following to decibels:

|H, (w)| = 100 (250)
|Hy(w)| = 0.001 (251)

To convert to decibels, we simply plug into the formula defined above. For the
first magnitude:

|y () ap = 2010g(100) (252)

|Hi(w)]ap =202 (253)

|Hy(w)|ap = 40 dB (254)
Now, let’s try converting the second value to decibels.

|Hs(w)|ap = 2010g(0.001) (255)

|Ha(w)|ap =20 =3 (256)

|Ha(w)|ap = —60 dB (257)
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Note from the second example that converting a decimal magnitude to decibels
results in a negative number, a result that will be particularly important when
evaluating graphs with units of decibels.

What else can we do to fit in more information on our graphs of frequency vs.
magnitude? Because we defined a log scale for magnitude, it’s only natural to
define a log scale for frequency as well. Now, instead of representing a constant
increment, each increment of frequency on the graph will grow by a factor of
ten.

Let’s plot the magnitude in decibels against frequency on a log scale and see
what our graph looks like. We observe the following plot:

A
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Above: Notice how the log scale lets us describe much higher frequencies

This plot is known as the magnitude Bode Plot for a low pass filter. A mag-
nitude Bode plot is a plot of the magnitude in decibels vs. frequency on a log
scale.

Similarly, the phase Bode Plot (below) is a plot of phase (in degrees or radi-
ans) versus frequency on a log scale.
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These two plots are crucial tools in analyzing the filters we define. Looking
closely at the magnitude Bode plot for our low pass filter, for example, we
observe that for low frequencies, the magnitude is unaffected, while for high
frequencies, the magnitude quickly becomes a large negative decibel (a very
small decimal magnitude).

We made read our phase plot in a similar way, finding that for low frequencies,
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the phase shift from the filter is very small, while at high frequencies, the phase
shift approaches —90°.

Bode plots are an essential tool in evaluating the function and effectiveness of
electrical filters.

6.4.1 Corner Frequency

How can we tell when our low frequency ends and our high frequency begins?
To have a general sense of whether our signal will be rejected by the filter or
not, we define a special point on the Bode plot known as the corner frequency
(also known as the cutoff or break frequency). This is defined as the frequency
that makes our transfer function equal to the following:

1

Hlw =137

(258)
Looking at our low pass filter transfer function, we observe that wy, for the low
pass filter is equal to 1/RC, or 1/7, for 7 the RC time constant.

Let’s now apply the magnitude formula to identify the magnitude of the transfer
function at the corner frequency.

1
H = 259
[H )] = e (259)
1
|H (wy)| = —5 = 0.707 (260)
Converting this to decimals, we find:
|H(wb)|dB =-3dB (261)

Oftentimes, when presented with a Bode plot, instead of frequency being in units
of radians/second, it may be presented in multiples of the corner frequency. On
a Bode Plot, you may recognize the corner frequency as the frequency at which
the magnitude plot begins to make its change from flat to angled.

[6’1 e A8 i T 2
’ - .\\

Above: the corner frequency for an example low pass filter, plotted in light
blue. For this filter, wp =~ 1.
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6.5 The High Pass Filter

Thus far, we’ve only considered one type of filter: the low pass filter. If we're
able to design a filter to filter out high frequency signals and pass low frequency
signals, we should logically be able to do the opposite as well.

The high pass filter is a filter that preserves high frequency signals and blocks
out low frequency signals. The circuit for the high pass filter is below:

Il O

= +
v B
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Above: the circuit for a high pass filter

Notice that the high pass filter circuit is interestingly just the low pass filter
with the resistor and capacitor switched!

As with the low pass filter, the high pass filter transfer function and Bode Plots
may be solved for.

Note that the above is not the only layout for a high pass filter, nor was the low
pass filter described earlier unique in its design. Rather, the high and low pass
filters presented here are two of the most common.

It’s a great exercise to discover what other circuits might act as high and low
pass filters! Consider in particular the effects an inductor might have in the
place of a capacitor.

6.6 Frequency Response in MATLAB

In this section of the course, we’ve delved deeper into the frequency response of
circuits - the response of circuits to sinusoidal inputs. Now, we provide a brief
introduction to some programming tools that can aid in our understanding of
frequency response.

MATLARB is a powerful programming language that holds an exceptionally use-
ful set of utilities for analyzing frequency response. Here, we describe procedures
for using MATLAB to represent a transfer function and find its Bode plot.

6.6.1 Transfer Functions in MATLAB

Let’s learn how to represent transfer functions in MATLAB. To follow along
with the following tutorial, ensure you have the Control System Toolbox
installed on your copy of MATLAB. If you don’t have it installed or are unsure,
you may install it by going to the “home” tab in the MATLAB editor and
clicking “Add-Ons.” You may then search for the toolbox in the window that

pops up.

97



ME 100 M. de Sa

Let’s use the low pass filter, which has the transfer function below, as our
example. Let R=2Q and C =1F."

1

H@) = o (262)
H(w) = ﬁ (263)

Before we continue to enter this into MATLAB, let’s make an important clarifi-
cation. Where we use the product “jw” in our transfer function, MATLAB uses
the variable “s” in its code. This is by convention of a more advanced signal
analysis technique known as the Laplace Transform.

Let’s rewrite our transfer function with s in the place of jw to get it into the
correct form. Simply replace all instances of jw with the variable s as follows:

1

Hw) =57

(264)

We’re now ready to enter our transfer function into MATLAB! To do this, we
use the function tf([numerator], [denominator]) as follows:

>> H w=tf([1], [2, 1]}

Note: we assign our transfer function to the variable H-w so we can refer to it
later in the program.

The first argument of tf is an array of the coefficients of s in the numerator of
our transfer function. Here, we only have 1 in the numerator, so we enter that.
The second argument is an array of the coefficients of s in the denominator of
the transfer function. We enter the coefficients in order of descending powers
of s. The coefficient of s' comes first, and the coefficient of the constant (s°)
comes second. Hitting enter after typing the command, we see:

>> Hw = tf([1], [2, 1])

Continuous-time transfer function.

We now have a transfer function we can work with!

151 Farad is a very large capacitance in reality. Here, it’s simply been chosen as an easy
number to enter into MATLAB.
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6.6.2 Bode Plots in MATLAB

Let’s use our transfer function example from above to make a Bode plot for our
low pass filter. To find the bode plot for a transfer function, simply use the
function bode(tf_-name). Using our transfer function from above, we type:

>» bode (H w)

Hitting enter, this command produces the following magnitude and phase Bode
Plots:

Bode Diagram
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We've now successfully found the Bode Plots for a low pass filter!

99



ME 100 M. de Sa

7 Diodes and Transistors

Thus far in the course, we’ve discussed numerous methods of circuit analysis for
a variety of sources. We’ve developed both AC and DC techniques, and have
thoroughly explored the response of circuits to sinusoidal, AC signals.

In this section, we shift our focus to two new devices: the diode and the tran-
sistor. As we’ll soon see, these components are essential to the controlling and
amplifying of electrical signals in circuits. We’ll soon come to appreciate them
as powerful and useful tools in circuit design.

7.1 Diodes

So far in our circuit analysis, we've worked with currents that flow in directions
purely determined by the positions of sources and circuit elements. What if we
had another component that helped us control the direction in which current
can flow?

The diode does exactly this. A diode, pictured below, is a circuit element that
only allows current to flow through it in the direction of the arrow.

0——>l_o

—
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Above: current can only flow through a diode in the direction of the arrow

Let’s quickly think back to our fluid analogy from the beginning of the semester.
Recall that instead of flowing electrons, we thought of current as a flowing stream
of water. In this analogy, the diode is a “check valve,” a valve that only allows
water to flow in one direction.

7.1.1 The Diode Current-Voltage Relationship

Let’s think for a moment about how our electronic components have functioned
thus far. We’ve found that with our components, from resistors to capacitors
and beyond, there has been a woltage drop across the component - that is, as
current passes through the component, voltage goes down.

With resistors, we were able to quantify this voltage drop via Ohm’s Law, the
linear equation V = IR, where we related the voltage drop across the resistor
to the current passing through it and its resistance.

When working with capacitors and inductors, we defined similarly linear rela-
tionships between voltage, current, and a fundamental constant for the compo-
nent. How can we do this for the diode?

As it happens, the diode is a nonlinear component, meaning that we can’t de-
scribe its behavior with a simple linear equation like V' = I R. Thinking back
to our description of load line analysis, however, we recall that we can describe
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nonlinear components in a useful way using graphs.
Below, we present the current-voltage relationship graph for a diode.
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Above: the nonlinear current-voltage relationship for a diode

Let’s break down what’s happening in this graph - there’s a lot of interesting
information to digest!

For positive, forward voltages, we find that we get very large currents for small
voltages. This is known as the forward bias region of the diode, and is where
most diodes are designed to operate.

S
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Above: a diode operating in the forward bias region

When a diode has a positive voltage being applied across it, because the current
grows so quickly for such a small voltage, we often approximate a diode in
forward bias as a wire. We’ll come back to this assumption later in our analysis
of diode circuits.

When voltage across the diode is negative, the diode operates in the reverse
bias region. When a diode is in reverse bias, current tries to flow through the
diode in the wrong way. Due to the micro-level design of the diode, however,
it’s incredibly difficult for current to flow in the reverse direction. Because of
this, we see that even for large negative voltages, an almost negligible current
flows through the diode in reverse bias.
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Above: only very small currents can pass through the diode in reverse bias

What happens, however, if the voltage we apply to the diode in reverse is very
high? If the voltage exceeds a value known as as the breakdown voltage,
the diode will enter the breakdown region. Once the breakdown voltage is
exceeded, current flows rapidly through the diode.

Does operation in breakdown damage the diode? As it happens, diodes may
operate in the breakdown region without trouble - the breakdown region is
simply challenging to reach due to the very high negative voltages required.
Some diodes, known as zener diodes, are actually designed to operate in the
breakdown region.

7.1.2 Analyzing Simple Diode Circuits

In the past, after defining the current-voltage relationship for a component, we
were able to find the current and voltage passing through it when placed in a
circuit with other components. Let’s now do the same for a diode.

To analyze circuits with a single, nonlinear diode, we may use load line analysis.
Recall the following procedure for load line analysis, which may be used in a
circuit with a single nonlinear component.

1. Find the Thevenin Equivalent around the nonlinear component.
2. Write a KVL equation using the Thevenin Equivalent.

3. Plot the KVL equation on the current-voltage graph for the component
and find the intersection.

Let’s now apply load line analysis to solve for the current and voltage across
the diode in the following example:

Find the current and voltage across the nonlinear diode in the following circuit.
Use the provided current-voltage graph to aid in your analysis.
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Let’s follow the load-line analysis procedure to find the current and voltage for
our diode. First, we begin by finding the Thevenin equivalent circuit around our
diode. Representing the nodes at either end of our diode with two terminals,
we find the Thevenin equivalent of the following circuit:

| LS

LV 2 S

O

Using our Thevenin equivalent procedure to find the equivalent circuit of the
above, we arrive at the circuit below and place our diode back between the
terminals.

|ler
6V
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Now, we write a KVL equation around the loop of our Thevenin equivalent
circuit. We then solve this equation for a relationship between voltage and
current across the diode.

_V; +iR+ Vdiode =0 (265)
—Vs + Viaiode = —iR (266)
V; Vdiode .
ZS = 2
7 7 ) (267)

Substituting values and converting to units of mA, we get:
t =6 — Viiode (268)

Now, we simply plot this equation on our load line graph and find the intersec-
tion! This will be the operating point of the diode.

=y W)
Above: the load line (green) and intersection point (red)

Thus, we conclude that the voltage across the diode will be approximately 0.6 V'
and the current passing through the diode will be approximately 5 mA. Our
problem is now complete!

7.1.3 Ideal Diode Analysis

So far, we’ve discussed the analysis of real diodes - diodes with a nonlinear,
graphical I-V relationship. As we saw in the previous problem, we were able
to use load line analysis to reach a solution for a circuit in which we have one
diode.
What happens, however, when we have multiple diodes, such as in the circuit
below?
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Since load line analysis only applies with circuits with a single nonlinear com-
ponent, we must come up with a different method to solve these multi-diode
circuits.

Instead of going through the whole process of solving a load-line analysis prob-
lem, in multi-diode circuits, we make a new assumption: that the diodes are

ideal.
An ideal diode is a diode that has the following properties:

1. In the forward bias direction (in the direction of the arrow), the diode acts
like a wire. It has zero voltage drop across it and may carry any current.

+ s
o Dl e e
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2. In the reverse bias direction (opposite to the arrow), the diode acts as an
open circuit. It may have any voltage applied across it yet zero current
will flow through it.

This assumption will greatly simplify our analysis, and will allow us to analyze
a circuit with any number of diodes.

Before we begin our circuit analysis, however, let’s take a moment to define a
few terms that’ll help us organize our ideas.

When a diode has current flowing through it in the positive direction, we say
that the diode is on. When the diode has a negative voltage going across its
terminals, and thus zero current passing through it, we say the diode is off.
With these terms in mind, let’s now define a procedure for solving circuits with
ideal diodes. Let’s use the following example:

Find the currents going through ideal diodes 1 and 2.

2= 1 ot
Vz,:‘ é\o‘r

When solving circuits with multiple diodes, we use the following procedure:
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1. Assume a state (on or off) for each diode. To begin, we’ll assume,
using our intuition for the circuit or a random guess, whether each diode
is on or off. Remember, an ideal diode that’s on acts like a wire, while an
ideal diode that’s off acts like an open circuit.

For our first guess, let’s assume that both diodes 1 and 2 are on.

2. Redraw the circuit with wires for on components and open cir-
cuits for off components. Label each wire and open circuit with
the diode name. Now that we've made our assumption about what’s
on and what’s off, we can redraw the circuit appropriately. To keep track
of which wire and open circuit correspond to which diode, we’ll label each
section we redraw.

In our first step, we assumed that diodes 1 and 2 were on, which means
we must redraw them as wires. Let’s now redraw the circuit accordingly.

3. Analyze the redrawn circuit for the currents across the “on”
diodes and voltages across the “off” diodes. Now that we've re-
drawn the circuit, we solve for the currents passing through the wires that
represent “on” diodes and the voltages across the open circuits that rep-
resent “off” diodes.

Here, we must solve for the currents passing through the diode 1 and
diode 2 wires. Let’s begin our solution by expressing Kirchoff’s Laws for
different parts of the circuit.

— 7. T
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Writing KVL equations around the two loops above, we find:

11 +igaRo — V1 =0 (269)
Vo —igaRo = 0 (270)

106



ME 100 M. de Sa

We may also write a KCL equation at the intersection of the two diode

wires:
ir1 —ir2 —l2=0 (271)
Let’s begin the solution process by solving for igs from the second loop
equation.
ire = Va/Ry (272)
ipg=3A (273)
Now, substituting into the equation for the first loop, we may solve for
TR1-
ipiR1 + (Va/Ro)Ry — V1 =0 (274)
iR+ Vo —Vi =0 (275)
iR =V -V, (276)
. i—V,
= 277
iRr1 7 (277)
in1=6A (278)

Using ir; and ire, we may apply our KCL equation and solve for 5.

iRl —ip2 —i2 =10 (279)
6—3 =i (280)
iy = 34 (281)

Drawing these currents in on the circuit, we find:

This step is now complete!

4. Evaluate if the currents and voltages match the on/off assump-
tion. If they do, the problem is complete. If they don’t, make
a new guess. In this step, we seek to find if the voltages and currents
we just solved for are consistent with our diode assumptions. That is: on
diodes should have current flowing in the positive diode direction (through
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the arrow) and off diodes should have a negative voltage across their ter-
minals.

If our circuit analysis doesn’t match the on/off assumptions, then we know
that our initial on/off guesses were incorrect! We then must make a new
guess for the diode states.

Let’s evaluate whether our assumptions were correct for this example.
Looking back at the circuit we solved for above, we find that current flows
through diode 1 in the positive direction. However, current flows through
diode 2 in the negative direction - thus, our assumption about the diodes
was incorrect!

~<

Above: current can’t flow through diode 2 in the reverse direction! Thus,
our assumption about the state was incorrect.

Since we know our original guess of on/off was incorrect, let’s make a new
guess. This time, let’s assume that diode 1 is on and diode 2 is off.

5. Repeat steps 2-4 with the new assumption of diode states. Now
that we have our new assumption (diode 1 on and diode 2 off), we may
reanalyze the circuit. First, redraw the circuit:

Now, solve for the current passing through the diode 1 wire and the voltage
across the diode 2 open circuit.

Let’s start by solving for the current passing through diode 1.
R+ Ry

imm=4A4 (283)

LR1 (282)

Using this current, we may then solve for the voltage across diode 2. We
know that one terminal of diode 2 is at 6V, as shown in the redrawn
circuit diagram. The voltage of the other terminal is the same as the
voltage across resistor 2.

V =ipaRy (284)
V=8V (285)
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Thus, subtracting the voltage from the terminal on one side from the
terminal on the other side, we find:

VdiodeQ =6—-8=-2V (286)
Oisecle 2
v N rary

Now, let’s compare what we've found with our diode state assumptions.
First, let’s look at diode 1.

D'ode |

=

_._>

(™

As we found in our analysis, diode 1 has a 4A current passing through
it in the positive direction. Thus, diode 1 is consistent with its “on”
assumption.

Now, let’s look at diode 2, which we assumed to be off. Recall that an
“oft” diode should have negative voltage across its terminals. Looking at
our analysis, we find that we have a —2 V voltage across the terminals.
Thus, our second assumption is also consistent!

Because both of our diode assumptions were correct, we know that this is
the correct state of our circuit. Thus, answering the original question, the
following are the currents passing through the diodes:

Z'diodel =4A (287)
Idiode2 = 0A (288)

And our solution is complete!

7.2 'Transistors

So far in this section, we’ve looked at a new component, the diode, which is
capable of controlling the direction of current. By placing a diode in a circuit,
we ensured that current is only able to flow through in a single direction. How
else might we want to control the current in our circuit?

Oftentimes in electronics, in addition to controlling the direction of current, we
want to control the amount of current and amplify our signals.

The transistor is a specially designed silicon component that’s capable of con-
trolling the amount of current in our circuit and amplifying the signal in a very
convenient manner.

Because a transistor is capable of controlling the amount of current in a circuit,
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it has the ability to switch the current on and off. Because of this, we can use
a transistor not only as an amplifier but also as an electronic switch.

In this section, we’ll introduce two important types of transistors, the Bipo-
lar Junction Transistor (BJT) and the Metal Oxide Semiconductor Field Effect
Transistor (MOSFET). We'll also discuss how to analyze circuits with these
important components.

7.2.1 Bipolar Junction Transistors

The first type of transistor we’ll discuss is called the Bipolar Junction Tran-
sistor, or BJT. This is one of the most common transistors currently in pro-
duction.

Above: a sketch of a real-world BJT, which you’ll find in your lab kit.

A BJT is constructed from layers of “p-type” and “n-type” semiconducting ma-
terial - special types of silicon with unique electrical properties. These electrical
properties are what allow the BJT to function well as an amplifier.

There are two main types of BJT: NPN and PNP. These refer to material type
(p or n) of each layer in the transistor. An NPN transistor has a p-type layer
sandwiched in between two n-type layers, while a PNP transistor has an n-type

layer between two p-type layers.
a
P-type.
N-tyee- 2
e —

Above: An NPN transistor (left) and a PNP transistor (right)

These two types of transistor have very similar qualities that we’ll soon explore
further! Let’s begin by taking a closer look at the NPN BJT.

The NPN Transistor

As with all circuit components, we’d like to begin describing the NPN transistor
by drawing its circuit diagram symbol, developing its fundamental relationships,
and describing its current-voltage relationship.

Let’s examine the circuit diagram symbol for the NPN transistor below:
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Above: The symbol for an NPN transistor

The NPN transistor has three different terminals: base (B), collector (C),
and emitter (E).

Let’s approach this transistor with a brief fluid flow analogy. Imagine the fol-
lowing stream of water, with a red plug that may be moved up and down to
control the rate of flow, is our circuit.

[T ————

Let’s label the movable red plug “B,” and the sections on either end of the plug
“C” and “E.” Let’s now zoom in on the section with the plug, and see what
happens when we change the plug’s position:
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We see that when we move the plug (B) higher up, it’s much harder for current
to flow in the stream. If we were to move it all the way up to the top, the
stream would be blocked entirely. If it were to be all the way at the bottom, on
the other hand, the stream would flow freely.

Thus, we can think of the plug as a dial that helps us control our flow. It has the
capability to, using a simple input, control how fast our entire stream moves,
or whether it moves at all.

An NPN transistor is the exact same thing, except for a circuit. By passing in
a small input current to the base terminal, we can control how much current is
able to flow between the collector and emitter terminals.

Thus, using the base terminal, we’re able to amplify our signal or set it entirely
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to zero! Thus, we may use our transistor both as an amplifier and as an on/off
switch.

Before we describe the current-voltage relationship, let’s take a quick second
look at the transistor circuit diagram, and establish a convention for what’s
positive and what’s negative for a transistor.

The image above defines the positive, forward bias convention for a transistor.
The forward bias convention is defined as follows. When the base terminal is at a
higher voltage that the emitter terminal, the voltage Vg is positive. When the
collector terminal is at a higher voltage that the emitter terminal, the voltage
Veg is positive.

The positive current conventions for the NPN transistor are also described in
the above image.

Now that we have an understanding of what the transistor actually is, let’s
describe its current-voltage relationship. Transistors are nonlinear components,
so we describe their I-V relationship with a graph for convenience.'® Note that
for BJTs, there are two current-voltage relationships we’d like to describe: the
relationship between Vg and ip and the relationship between Vog and ic.
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A lot is happening in these current-voltage graphs, and several features, such
as the multiple lines, might look unfamiliar! Let’s break down what’s going on
in these graphs.

First, let’s look at the graph of Vg and ip, on the left. We immediately notice

16 Analytical equations for current and voltage in a transistor do exist, but aren’t discussed
in this course. If you’re interested, look into taking a course such as EE 105, Microelectronic
Devices and Circuits!
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that only a ¢iny current, in units of microamps, is passing through the base
terminal. This tells us that we only need to pass a tiny amount of current into
our base terminal to control the flow of current between C and E.

Let’s now look at the second graph, of Vog and ic. How do we read an I-V
relationship with multiple lines? As it turns out, each line represents a different
ip, the controlling input current at the base terminal. Simply select the line
that corresponds to the input current at the base terminal and proceed with
your analysis using just that line.

Make a special note of the units for each variable in the graph on the right.
We find that for micro-scale currents being passed into the base port, we get
milli-scale currents passing through the collector port. This means that only a
very small base current is needed to control the much larger collector-emitter
current. This is the power of using a transistor: we can get great control and
amplification for only a very small input.

How can we actually use a BJT in a circuit? The common-emitter amplifier
circuit is a typical layout for using a BJT. It appears as follows:

In the common-emitter circuit, we have two loops: the “base” loop and the
collector-emitter loop. The base loop has a voltage source, V;,,, which supplies
the base current that controls the transistor. The collector-emitter loop, with
current 7. and voltage source V., contains the signal to be amplified.

Because this is such a common circuit, it’s often redrawn with the following
shorthand diagram:
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Whenever you see a diagram of this form, know that it’s the same as the full
circuit diagram above.

How do we actually analyze circuits with BJTs? By using two load-line analy-
ses, the first around the base loop using the base port I-V graph, and the second
around the emitter-collector loop using the collector I-V graph, we can find the
amplified current and voltage in the output loop of the transistor.

Once we introduce MOSFETS, we’ll develop a more detailed solution procedure
for transistors and apply it in a practical example! For now, keep this idea of
using load line analysis in the back of your mind.

The PNP Transistor

Thus far, we've restricted our discussion of BJTs to the NPN transistor, and
haven’t talked about the PNP transistor. Let’s briefly look at the differences
between the two.

Recall that in the NPN transistor, we had two layers of n-type material with
a layer of p-type in the center, while in the PNP transistor, we have a layer of
n-type material surrounded by two layers of p-type material. What does this
mean from a practical standpoint?

Because the transistor is now composed of a different arrangement of materials,
many of the definitions for an NPN are simply reversed for a PNP transistor.
Here, instead of the base terminal having a current input, the base terminal
outputs a current. Additionally, in the circuit diagram symbol, we swap the
locations of the emitter and collector terminals, and draw the arrow in the
opposite direction to reflect the change.
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Above: the circuit diagram symbol for a PNP transistor

7.2.2 Field Effect Transistors

One question that we often face in engineering is: How can we make something
more efficient? As in many applications before it, this question was once again
asked about the BJT. What followed was the MOSFET, the Metal Oxide
Semiconductor Field Effect Transistor, a more power-efficient, compact,
and simple to manufacture transistor.'”

Because of its compactness and energy efficiency, the MOSFET has made a

17"Why would you use a BJT given all of the pros of a MOSFET? A BJT is generally better
for high current applications.
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number of advances across electronics possible, and is the main type of transistor
used in the field of “digital electronics.”

Above: a sketch of a real-world MOSFET, which you may find in your lab kit.

Like the BJT, the MOSFET is still designed around the same basic principle of
using specially modified silicon to produce desirable electrical characteristics.
After this, however, many of the similarities end! Instead of having the same
terminals as a BJT, a MOSFET has 4 different terminals: drain (D), gate
(G), source (S), and body (B). It’s important to note that a negligible
current flows through the body terminal, so in our problems, we often simply
connect it to source and treat the MOSFET as a three-terminal device.

We may think of the drain, gate, and source as being analogous to the collector,
base, and emitter terminals of a BJT.

N N

Nwmo 5 Pmo>S

e

Above: the n-channel (NMOS) and p-channel (PMOS) MOSFETS

As with BJTs, there are two main types of MOSFETs we will see. The first
of these is the n-channel MOSFET, or the NMOS. The second type is the p-
channel MOSFET, or PMOS. Similarly to BJT's, these names originate from the
types (p-type and n-type) and arrangements of silicon used in the fabrication
of the transistor.

Similarly to BJTs, MOSFETs are often used with the same simple amplifier
circuit, as seen below:
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Above: a simple amplifier circuit with an NMOS

Notice that the “forward bias” sign conventions for current and voltage are the
same for the NMOS as they are for the NPN BJT.
Let’s now discuss the current-voltage relationship for an NMOS MOSFET:
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Above: the current-voltage relationship for an NMOS

How do we interpret what’s going on in this graph? At first glance, it appears
to be similar to the NPN transistor graph, but upon closer inspection, we find
more nuances to the NMOS transistor I-V relationship.

Each line in the NMOS graph represents a different gate voltage (versus current
with the NPN). As we can see, the higher the gate voltage is, the higher the
output current going through the drain will be.

What’s most important to note from this graph is what happens when we’re
on the x-axis, where current is equal to zero. As we can see on the graph, on
the x-axis, we have the cutoff region for the NMOS transistor. The cutoff
region is the region where the gate voltage is not yet high enough to “turn on
the switch” and allow current to flow in the source-drain circuit. If the gate is
below the cutoff (threshold) voltage, V;,, the current flowing through the
source-drain circuit will always be zero.

Looking at the graph, we find that there are several other important regions
as welll The first of these is the triode region. When the MOSFET is in the
triode region, the current moving through the gate circuit will increase with the
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voltage between the drain and source (Vpg).

Once Vpg becomes too high, however, the MOSFET will enter the saturation
region, and the current will stop increasing. After the saturation region, the
current will remain approximately constant for any input voltage.

In summary: if the voltage is too low, and is below the cutoff voltage, no current
will flow. If the voltage is above the cutoff region but not too high, current will
grow with voltage. If the voltage gets too high, the saturation region will be
reached and the current will become constant.

7.2.3 Transistor Analysis

Now that we’ve defined the details of the MOSFET, we must develop a method
of solving circuits with MOSFETs. Let’s develop a reliable circuit-solving pro-
cedure with the following MOSFET example problem:

Find ip, the current going through the drain, for the following NMOS transistor
circutt. Let Vi, =2 V.

lov o
Wl b
) ] —— __‘__.‘};n._,.-
A TV 5
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When solving a transistor circuit, we use the following procedure:

1. Draw out the full circuit diagram. Recall that for transistors, circuits

are often drawn in shorthand like the above. To begin the process of circuit
analysis, we must first redraw the circuit in a normal circuit diagram.
We recognize the above circuit as a simple amplifier circuit. Now, we
redraw the circuit with voltage sources and complete loops, also taking
special care to label the NMOS terminals and their signs.
First, we replace the 10V node with a 10V voltage source, and connect it
to ground. Then, we replace V;, with a voltage source and connect it to
ground. After labeling the NMOS using our sign convention, our circuit
diagram is now complete!
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2. Use KVL to write an equation around the source-drain loop.
Solve for current ip in terms of voltage Vpg to find the load line.
Now that we have our circuit diagram in its correct form, we’re able to
use Kirchoff’s Laws to analyze our circuit. By manipulating our circuit
equations to get ip in terms of Vpg, we’ll be able to get a load line that
can plot on our I-V graph.

Let’s begin by writing a KVL equation around the source-drain loop (be-

low):
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Using our KVL sign convention and the signs for voltage we drew in step
1, we arrive at the KVL equation:

—104+ipR+Vps =0 (289)

Plugging in our given values (and leaving current in units of mA), we then
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solve for ip in terms of Vpg.
—10+4ip +Vps =0 (290)
10 — Vps =4ip (291)
Vi
2.5 — % =ip (292)

We now have our load line equation!

3. Plot the load line on the I-V graph, select the correct Vg, and
find the intersection. Now that we have our load line, all that remains
is to plot it on our current-voltage graph and find the intersection. Before
we do this, we must select the correct Vgg line to find the intersection

with.

From the problem statement, we know that V;,, = 2 V. Looking at our
circuit diagram from step 1, we find that this voltage equals Vig. Thus,
we select the Vgg = 2 V line on the I-V graph and plot our load line:

VES=3V

(]

Finding the intersection between our load line (sketched in black) and our

2V line, we find:

Thus, our problem is complete!
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8 Introduction to Digital Electronics

Thus far in our exploration of electronics, we’ve focused exclusively on analog
signals: continuous signals that may have any value. In this section of the
course, we introduce digital signals, signals for which only a select few values
are recognized. Here, we’ll learn how to analyze this new class of signal with a
new class of circuit: the digital circuit.

Along the way, we’ll get an introduction to a variety of fields from mathematics
and electrical engineering.

8.1 Digital Signals

What is a digital signal? To define what exactly a digital signal is and why we
would want to use one, let’s consider the signal below, which has lots of random
noise:

N\

\‘llvf',/ bc

Despite the noise, we're able to recognize the familiar profile of a sine wave!
How, though, would we be able to mathematically describe it as a sine wave?
Because of all of the random noise around the sine profile, although it may
appear to be a sine wave to the human eye, it’s very challenging to describe it
mathematically as such.

This highlights a major problem with practical analog electronics: with just a
little bit of random noise, we struggle to accurately describe our signal and lose
lots of precision! As we’ve seen in the past, real-world circuits are complex,
non-ideal, and noisy entities - how can we deal with signals in a more precise
manner?

One answer to this question comes in the form of the digital signal. Instead of
looking at each individual value as we do for analog signals, we look at ranges
of values. For example, let’s break the sine wave above into a set of discrete

ranges. If an analog value is within a certain range, we assign it a constant
value. This produces the following digital signal:

120



ME 100 M. de Sa

A

L,

Above: a digital signal with a discrete number of ranges

As we can see, simply by grouping our analog values into ranges, we produce a
perfectly clean digital signal. This is the power of discrete signals: by defining
preset ranges that we care about, versus looking at every single value, we can
gain much more precision in our signals.

8.1.1 Binary Signals

One of the most convenient, and by far the most common, type of digital signal
is the binary signal. A binary signal is a digital signal with only two ranges.
Whereas the digital signal in the graph above had many different ranges defined,
a binary signal only has two, which are assigned logic values of 0 and 1.

A
A Q‘rggﬂ%@

ANALOG

Above: a binary signal, which has values of either 0 or 1

In the example above, we define the 1 range to be positive values, and the 0
range to be negative values. Looking at the original analog signal, we may
sketch out our binary digital signal.

Typically, when working with binary signals, the higher amplitude is assigned
to the binary “logic” value 1. A logic value 1 is also called high, true, or on.
The lower amplitude in a binary signal is typically assigned to the logic value 0,
which is also known as low, false, or off. As we proceed, keep these alternate
definitions in the back of your mind - we’ll come back to them shortly!

How do we define what the ranges for logic 1 and logic 0 are?
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For any analog signal, we’ll typically define the cutoffs for logic 1 and logic 0
in a way similar to the image above. Logic 0 starts at a low value (in this case
0), and extends up to the 1st cutoff. Logic 1 starts at a 2nd cutoff, at a greater
than but not equal to value to the first, and continues upward. Between the
logic 0 and logic 1 cutoffs, we have the undefined region. Anything we get in
this region is considered “meaningless” and is not assigned a logic value.

8.1.2 Binary Numbers

Now that we’ve defined a binary signal, let’s see how we can actually represent
one. Each individual binary digit (1 or 0) is known as a bit. By combining bits,
we make digital words, for example:

101101010

The 1st bit in a digital word has a special name: the most significant bit
(MSB). Since we call the 1st bit the most significant bit, we naturally refer to
the last bit in a digital word the least significant bit (LSB).

Since the bit is such a small unit, we define the byte, which is equivalent to 8
bits. When discussing the length of digital words, we typically use bits or bytes.
Once we begin representing digital signals using binary words, however, we
notice something interesting! A binary word is actually a binary number! This
fact will enable us to unlock the true power of digital electronics.

Let’s review what a binary number is. You may recall from your math class
that we use a base 10 number system. This means that we can represent any
number as a power of 10 multiplied by a constant less than 10 and greater than
or equal to 0. For example, we can represent the numbers 13 and 326 in base
10:

1-10" +3-10° =13 (294)

3-10*4+2-10" +6-10° = 326 (295)

By writing the coefficient of each power of 10 side by side, we form a number in

base 10. Looking at the coefficients, we see that the first number is 13 and the
second number is 326 in base 10.

Binary numbers are numbers in a base 2 number system. Instead of powers of
10, we use powers of 2. Our coefficients, which must be less than 2 and greater
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than or equal to 0, will therefore be either 0 or 1.
Let’s try representing the number 13 in binary. Breaking 13 up into powers of
2, we see:

1-25+1-2240-2'+1-2°=13 (296)

Looking at the coefficients of the powers of 2 and writing them side by side, we
find that 13 represented in base 2 is 1101.

Let’s come up with a reliable algorithm to convert a number from decimal to
binary with the following example:

Convert the decimal number 26 into binary

1. Floor divide the number by 2 and find the remainder. Our first
step will be to “floor divide” our decimal number by 2 and record the
remainder. Floor division involves dividing two numbers and rounding
down to the nearest integer. In each step, the remainder will be one of
our binary digits. In this case:

floor(26/2) = 13 (297)
remainder = 0 (298)

2. Floor divide the result by 2 and record the remainder. After our
first division, our number is now 13. We now floor divide this by 2 again
and record the remainder.

floor(13/2) =6 (299)
remainder = 1 (300)

Here, we have a remainder of 1, since 13 does not evenly divide by 2.

3. Repeat steps 1 and 2 until the number equals 0. We continue
to floor divide the number and record the remainder each time until the
number equals 0.

First, floor divide 6 by 2 and record the remainder:

floor(6/2) =3 (301)
remainder = 0 (302)

Now, floor divide 3 by 2 and record the remainder:

floor(3/2) =1 (303)
remainder = 1 (304)

Finally, floor divide 1 by 2 and record the remainder:

floor(1/2) =0 (305)
remainder = 1 (306)

Now that we’ve reached 0, this step is complete!
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4. Write the remainders from last to first. Starting with the last re-
mainder and ending with the first, write out the remainders. What results
will be our binary number!

In this case, we start with the first remainder, which came from 26/2, and
continue until the last to write:

(307)

This is 26 in binary, and is our final answer!

How do we convert back into decimal? Recall how we defined binary numbers:
as coefficients multiplied by powers of 2. Earlier, for example, we represented
the number 13 as:

1-10'+3-10°=13

Whenever we want to go from our binary representation back into decimal, we
simply write out our binary number as a sum of coefficients multiplied by powers
of 2 and find the result!

For our binary representation of 26, for example, we would write:

1-2441-2240-2241-2'4+0-2°

Peforming this calculation, we get 26, our decimal number.

8.1.3 Alternative Number Systems

Something you may have noticed is that although binary is very simple, as they
can represent any number with just Os and 1s, they get very large very quickly!
Because of this, binary is not the only number system used in electronics! Two
other number systems, termed “octal” (base 8) and “hexadecimal” (base 16)
are also commonly used!

Let’s examine hexadecimal a little closer - as you’ll soon see, hexadecimal has
some interesting quirks compared to other number systems. In the table below,
you can find decimal numbers from 0 to 15 and their Hexadecimal equivalents:

Decimal | Hexadecimal

)
o

© 00 O Ui Wi+~
© 00 3O Ui Wi+
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Decimal | Hexadecimal
10
11
12
13
14
15

MO Qm e

As you can see, after 9, we stop representing numbers by digits and begin using
letters instead! Why is this? This is because in any base number system, we
want to be able to represent each number up to our base with a single character.
In base 10, for example, we were able to write the numbers 0 through 9 using
single digits, and in base 2, we wrote 0 and 1 with single digits.

In base 16, we want to do the same thing, but have the unique challenge that
there aren’t enough single digit numbers! To work around this, we use letters
instead.

8.2 Boolean Algebra

Thus far, we’ve discussed binary signals through the lens of binary numbers.
How else may we look at a binary signal? Is there any other way we can take
advantage of their unique structure?

Let’s think back to our definition of binary signals. Recall that a binary signal
is defined as having two ranges: 0 and 1. You may remember that we also
provided alternate names for 0 and 1: false and true.

Instead of thinking of binary signals as just numbers, we instead interpret 1 to
mean “true” and 0 to mean “false,” and discover a whole new perspective on
binary signals. This interpretation leads us to the subject of Boolean Algebra,
which concerns the manipulation of true and false values.

When working with “normal” algebra, we often assigned names, called variables,
to numbers to make our work clearer. In Boolean algebra, we do the same! A
logic variable is written as a capital letter by convention, and can have a value
of either 1 (true) or 0 (false). For example, we can define the logic variables:

A=0 (308)
B=1 (309)
C=1 (310)

Just as in regular algebra, where we negated, added, and multiplied our vari-
ables, we may do the same for our logic variables! Let’s define these three
operations for logic variables.

The negation operator, known as the complement, is written with an overbar
and is defined as follows:

(311)
(312)

Al
I
= O
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As you can see, the complement flips the value of a logical variable. The comple-
ment operator is also known as “not.” If you see the expression A, for example,
where A is a logical variable, you can read it out as “not A.”

Let’s now discuss logical addition. If we have two logic variables, A and B, we
may logically add them by writing A + B. Logical addition is also referred to
as the or operation. As such, when you see A+ B written out, you may read it
as “Aor B.”

Logical addition is defined by the following rules:

0+0=0 (313)
1+0=1 (314)
0+1=1 (315)
1+1=1 (316)

Just as we defined negation and addition, we may also define logical multipli-
cation, also known as the and operation. When we have two logical variables
A and B, we may represent their product by writing A - B, or AB for short.
Because of the alternate name for multiplication, we can also read AB as “A
and B.”

We define the different cases for multiplication as follows:

0-0=0 (317)
1-0=0 (318)
0-1=0 (319)
1-1=1 (320)

As you can see, even with the simple operations of addition and multiplication
of two logic variables, there are lots of different cases to keep track of! How can
we stay organized when computing the value of logic expressions?

One method to do this is to use a logical truth table. A truth table is a table
describing all possible outcomes of a logical expression.

Let’s construct a truth table for each of the above operations! Let’s begin with
the complement operation.

Create a truth table for A, where A is a logical variable.

When creating a truth table for a logic expression, we may use the following
procedure:

1. Make a column for each term in the logical expression. Our first

step is to lay out the structure of our table. We can do this by drawing a
table with a column for each term in the logical expression.
Your table should be organized as follows: write all of the basic logical
variables (such as A, B, C) that appear in your expression all the way to
the left of your table and write any other expression to the right. Separate
your logical variables and the more complex expressions with a vertical
line to stay organized.
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Here, we write our basic logic variable, A, in the leftmost column of a
table. We write the logical expression, A, to its right.

AlA

2. Write out all combinations of the logic variables. After creating
our basic table, we must write out every possible combination of our logic
input variables. Here, we only have 1 variable, so we only have two possible
values.

Al A
0
1

3. Moving from left to right, evaluate all the remaining logical ex-
pressions. Now that we’ve filled in all our logical variables, we evaluate
all the remaining expressions to complete our truth table. At the end,
we’ll have a complete description of our expression!

AlA
01
1|0

Since they tell us what our expression will be for every possible combination of
inputs, truth tables provide us with a complete understanding of our expression.
Let’s now apply the truth table procedure to a more interesting example: the
addition operator.

Make a truth table for A+ B, where A and B are logical variables.

Let’s follow the procedure we just defined:

1. Make a column for each term in the logical expression. Here, we
have two basic logic variables, A and B. We write A and B in columns in
the left of our table. Then, drawing a vertical line, we make a column for
the more complex compound expression, A + B, on the right side of the

table.
A B|A+B

2. Write out all combinations of the logic variables. Now that we
have our columns for the table, we must write out all of the possible
combinations of A and B. Note that since we have two variables, our logic
table will be larger than that for the complement. Note that in general, if
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you have an expression with n logic variables, your truth table will have

2™ rows.
A B|A+B
0 0
1 0
0 1
1 1

3. Moving from left to right, evaluate all the remaining logical ex-
pressions. Now that we’ve filled in all the possible combinations of A and
B, we’re ready to write out the truth table for our remaining expression,

A+B.
A B|A+B
0 0] 0
1 0] 1
0 1| 1
1 1] 1

Our truth table for the 4+ operator is now complete! As you can see,
A+ B =1 when either A or B or both A and B are 1.

The same process may be applied to produce the truth table for the logical
multiplication operator:

Why use a truth table? Truth tables are especially valuable when we have a
complex expression that we want to find all possible values of. For example, if
we have the following expression:

AB+C)+B (321)

We can easily find its values by writing out the truth table! When writing the
truth table for complex expressions, it can often be useful to write out the val-
ues of the smaller sub-expressions as well instead of jumping straight to the last
step. This helps us stay organized with the different parts of our expressions.
For the expression above, for example, we may find it useful to make columns
for the sub expressions B+C and A(B+ () so we can easily keep track of them!
Using this idea of creating columns for sub-expressions, we could write the truth
table for A(B + C) + B as:
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A B C|B+C|AB+C)|AB+C)+B
I 1 1] 1 1 1
11 0| 1 1 1
10 1| 1 1 1
1 0 0 o0 0 0
0O 1 1 1 0 1
01 0] 1 0 1
00 1| 1 0 0
00 0| 0 0 0

Notice that by making columns for smaller sub-expressions, we were able to find
the values of larger expressions with much greater ease!

Also note that since we have 3 logical variables, we have 23 = 8 rows in our
truth table! This follows our rule of having 2™ rows for n logical variables.

8.2.1 Proving Statements with Truth Tables

When we learned basic algebra in our math courses, after learning the funda-
mental rules of adding, multiplying, and negating variables, we learned a number
of useful algebraic properties that helped us simplify expressions.

The distributive property, for example, allowed us to turn the expression x(y+z)
into the equivalent expression xy + xz by distributing the variable x.

When we develop more and more advanced expressions in Boolean algebra, it
becomes very useful to develop a similar set of properties. How, though, can we
prove that two expressions are equivalent using Boolean algebra?

By showing that two expressions have the same truth table for every combi-
nation of input variables, we can decide if two expressions are equivalent. If they
have the same truth table, they’re equivalent, if not, they’re non-equivalent!
Let’s try this out with the following example:

Prove the distributive property holds in Boolean algebra by showing A(B + C')
1s equivalent to AB + AC.

Let’s now write out the truth tables for A(B + C) and AB + AC. If we get it
right, we’ll see that the two have equivalent truth tables, and we’ll know that
they’re equivalent Boolean expressions.

Instead of writing out two entirely separate truth tables, we can write the two
expressions in the same truth table and simply check if their columns are equal.
Let’s start by setting up the different columns for our truth table! Let’s use
some extra columns to keep track of the values of some of the subexpressions.
Filling in the truth table using our previously established methodology, we find:

129



ME 100 M. de Sa

A B C|B+C|AB|AC|AB+AC| A(B+C)
I 1 1] 1 1| 1 1 1
11 0| 1 10 1 1
10 1| 1 0|1 1 1
1 0 0] o0 0|0 0 0
0 1 1| 1 0] o0 0 0
01 0] 1 0] o0 0 0
00 1| 1 0|0 0 0
00 0| 0 0|0 0 0

As we can see, the columns for AB + AC and A(B + C) are identical for every
combination of A, B, and C. Thus, AB + AC and A(B + C) are equivalent
expressions, and the distributive property holds for Boolean algebra.

The distributive property isn’t the only useful fact we can prove! In the table
below, you'll find a list of useful laws in Boolean algebra. For z and y logical
variables:

FExpression Name
T=ux Law of the double complement
r+x=1 Unit property
xx =0 Zero property
x(y+2) =zy+xz Distributive law
r+r==x Idempotent
rT-r=x laws
z+0=z Identity
z-l=x laws
r+1=1 Domination
z-0=0 laws
r+y=y+=zx Commutative
Ty = yx laws
x4+ (y+z)=(x+y)+z2 Associative
x(yz) = (xy)z laws
TY=T+7 De Morgan's
rT+y=7y laws
rtry==x Absorption
zx+y) == laws

These laws can all be proved using truth tables! Make a particular note of De
Morgan’s Laws, which tell us that the addition and multiplication operations
are actually related by the complement operator!

8.2.2 Proving Statements with Laws

Thus far, we’ve been using truth tables to work with logical variables and prove
statements of equivalence. What happens, however, when the number of vari-
ables begins to grow? For example, if we have five logical variables, by our 2"
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rule, we would have 2° = 32 rows in our truth table!

Since this would be very impractical to create, when working with more com-
plex logical expressions, we often stay away from truth tables and seek to prove
statements about logical expressions purely by relying on the laws of Boolean
algebra.

By applying the laws we just defined in clever ways, we can manipulate Boolean
expressions into equivalent ones! This idea of manipulating Boolean expressions
will soon come into use when we work with complex systems of logic gates.
When proving equivalence using the expressions of Boolean algebra, note that
there’s rarely one single way to complete a problem - thus, unlike circuit anal-
ysis, there’s no specific procedure that will get us the answer every time.
Instead of a specific procedure, we define a general set of steps that can help
guide us in our Boolean algebra proofs:

1. Expand: Look for patterns in your expression that resemble one of the
Boolean algebra laws. Apply the law to expand the expression.

2. Eliminate: After expanding, see if you can eliminate any terms in your
expression.

3. Simplify: Reduce your remaining expression into the simplest form pos-
sible using Boolean algebra laws.

By repeating these 3 steps until we get our desired expression, we can reliably
write Boolean algebra proofs. Let’s now do an example of proving equivalence
using the laws of Boolean algebra.

For p and q logical variables, show that (p + (Pq)) and p-q are equivalent logical
exPTessions.

When solving these problems, it’s generally good practice to begin with the
more complex expression. Let’s begin with the first: (p + (pg)). Looking at the
expression, we notice that we can apply De Morgan’s Laws to the two terms
inside the parentheses. Let’s try this and see where it takes us:

(p+(pg)) =D (pq) (322)

Now we focus on the new expression, p - (pg). How can we reduce this further?
Let’s apply De Morgan’s Laws once again, this time to the expression in paren-
theses on the right!

p-(pg) =p-(p+7) (323)
Applying the distributive law to the result, we see:
p-(p+0)=pp+p-q (324)

Recognizing that p - p = 0, we write our final expression:

Pp+p-q=D-7 (325)
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Thus, through a series of equivalent expressions, we’ve shown that:

(p+ () =017 (326)

And without any truth tables, our problem is complete!

Notice how looking for recognizable clusters of terms and seeing if we could
erpand them was a strong strategy! Once we began expanding our expression,
by continuing to recognize patterns in the results, we were able to complete the
proof.'®

8.3 Logic Circuits

So far, we’ve discussed binary signals and Boolean algebra in an almost purely
mathematical capacity. Let’s now bring the theory that we’ve developed back
into the world of electronics, and discuss how we can apply Boolean algebra to
create digital logic circuits.

Logic circuits are a way to represent Boolean algebra operations and expressions
in circuit-diagram form. Instead of writing an expression out using variables, we
may draw it using circuit symbols that represent real-world components. This
approach helps us translate the abstract mathematical approach of Boolean
algebra into something much more grounded in reality.

The core component of a logic circuit is the logic gate, a component that
performs logical operations on a signal. Generally, a logic gate will appear as
follows:

TN

Lbs'. - | QUTPJT

| Gote

1

On the left-hand side, we have any number of inputs to the logic gate, which are
logic variables. The logic variables enter the logic gate, which performs some
logic operation on them. On the right-hand side, the result of the operation is
put out.

By connecting different logic gates together, we form logic circuits that rep-
resent complex Boolean operations.

18Interested in learning more about Boolean algebra or proof strategies for other tough
problems? Courses like Math 55 (Discrete Mathematics) and CS 70 (Discrete Mathematics
& Probability Theory) go in-depth on both.
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Above: an example of a logic circuit with 8 gates. Notice how the outputs of
the first two logic gates feed into the input of the third logic gate.

Just as we had many different circuit components in analog electronics, there
are many different types of logic gates that can go into a logic circuit. Let’s now
discuss some of the different logic gates.

8.3.1 The Logic Inverter

Since we began our study of Boolean algebra with the complement operator, we
will begin our study of logic gates with the logic inverter logic gate. The logic
inverter is a logic gate that performs the complement operation on its input.
Mathematically speaking, if a logic variable A is passed into the input of the
logic inverter, the output will be A.

The symbol for a logic inverter, a triangle with a circle on the end, is the
following:

A

Above: The logic inverter. Notice that the logic inverter only has a single input
and single output.

Because all logic gates represent logical operations, we may write out truth
tables for logic gates. The truth table for the logic inverter is the same as the
truth table for the complement. For A the logic variable input to the gate, the
truth table for the inverter is thus as follows:

AlA
011
110

Just as we defined a logic gate corresponding to the complement, we can also
define logic gates corresponding to logical addition and multiplication!
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8.3.2 The Or Gate

The logic gate that performs logical addition is the or gate. Recall that when
defining logical addition, we mentioned that A + B can be read as “A or B.”
It’s for this reason that we call the logic gate for addition the “or” gate! The
symbol for a two-input “or” gate is found below:

A

a AR

Above: a 2-input or gate. Two logical variables enter on the left side, and their
logical sum is output on the right side.

The truth table for an or gate is thus the same as the truth table for addition:

A B|A+B
0 0| 0
1 0| 1
0 1| 1
1 1] 1

Just as with addition, an or gate will only return 1 when either A or B or both
A and B equal 1.

Although the “or” gate in the above example only had two inputs, an “or” gate
can have any number of inputs! For example, if we wanted to represent the
expression A + B 4+ C, we could use an “or” gate with 3 inputs:

A
&\ Atd+C

Above: An example of an or gate with 3 inputs. Note that no matter what, an
or gate can only have a single output.

How would we calculate A + B + C with 3 inputs? We follow the same rule as
always for the addition operator. If at least one logic variable is equal to 1, the
expression evaluates to 1.

The or gate may be compared to the or command in Python, which we use in
conditional if-then statements! Recall that when one of the expressions in an or
statement is true, the entire expression is true. This same concept is used by
an or gate - if one input variable equals 1, the or gate outputs 1.

134



ME 100 M. de Sa

8.3.3 The And Gate

Let’s move on to the next gate: the and gate. The “and” gate represents
Boolean multiplication. If we have logic variables A and B passed into the
“and” gate, their product, AB, will be returned.

The symbol for the and gate is as follows:

(|

AR
o b

Above: A two-input and gate.

Just as with the or gate, an and gate may have any number of inputs. Recall
that for a Boolean multiplication operation to return 1, all of the inputs must
be 1. Because of this, you can think of the and gate as you would the and
operator in Python, where all of the sub-expressions must be true for the full
expression to be true.

8.3.4 Other Logic Gates

Although the inverter, “or”, and “and” gates are the most common logic gates,
there are others that can still prove to be useful! All of the following logic gates
can actually be constructed from the logic gates we’ve discussed thus far, and
simply provide us with “shortcuts” to other commonly used logic operations.'’
The XOR, or “exclusive or” gate is the first of these that we’ll discuss. The
XOR gate is based on the following idea: imagine that you tell your friend “I'm
going to the movies or going for a run.”

When you tell your friend this, he knows that you're going to do either one of
these activities, not both! However, thinking about our definition of the or gate,
this sentence could mean that we're going to the movies and going for a run.
This is because for logic variables A and B, “A or B” is equal to 1 when either
A or B is equal to 1 or when both A and B are equal to 1.

The XOR gate provides us with a way to express the “exclusive or” - the XOR
gate will return 1 only when either A or B is 1, and will return false if both A
and B are 1. This logic gate expresses what we’re trying to communicate to our
friend when we say “or.”20

The XOR operation has a special symbol: @. If we have two logical variables A
and B, and we want to express “A XOR B,” we would write A @ B. The truth
table for A @ B is as follows:

19De Morgan’s Laws tell us that we only actually need the inverter and an “or” or “and”
gate to construct all other gates - “or” and “and” are related by the inverter.
20You should really tell your friend “I’'m going to the movies XOR. going for a run.”
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A B|AaB
0 0 0
1 0] 1
0 1] 1
1 1] 0

We may draw the symbol for the XOR logic gate as follows:

A
B

A®©B

Notice the similarity in symbols between the XOR and or gates.

Let’s discuss two more gates: the NOR gate and the NAND gate. In logic
circuits, the negation operation is exceedingly common - as such, it’s convenient
to define gates that negate the outputs of the “or” and “and” gates. This is
all that the NOR and NAND gates are - “or” and “and” gates followed by an
inverter!

The two gates, as well as their equivalent representations with inverters, are
depicted as follows:

A A —_

NAND . ) 4n) e r__ (AB
R
A — A '

No g (ve) . &8 (410)

Because they’re simply “or” and “and” gates followed by an inverter, the truth
tables for NOR and NAND are simply the same as the “or” and “and” truth
tables, only with each value flipped.

This gives the following truth table, where columns have been made for “or”
and NOR as well as “and” and NAND.

A B|A+B|(A+B)|AB | (4B)

0 0 0 1 0 1
1 0 1 0 0 1
0 1 1 0 0 1
1 1 1 0 1 0
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8.3.5 Logic Circuit Analysis

By connecting large numbers of logic gates together, we can build logic circuits
that perform a number of useful tasks in electronics, for example adding numbers
in binary. These logic circuits form the foundation of computer architecture,
and are the building blocks for the computers we use everyday.

Because of their wide range of applications, it’s important to understand how
logic circuits perform. In this section, we take a first look at the analysis of logic
circuits, a first step in our eventual goal of designing our own logic circuits.
Before we jump into logic circuit analysis, let’s briefly discuss some conventions
for drawing logic circuits. A logic circuit will typically appear in a form similar
to the following:

AT
. m

We have all of our different input variables on the far left, our gates in the
middle, and an output variable all the way on the far right.

To show which logic variables go into which gate, we use “wires” that start at
the symbol on the far left and connect to the desired gate.

Note that due to the layout of logic circuits, these “wires” will often cross over
each other. To avoid confusion when it comes to this, we draw small “jumps”
in the wire whenever two wires would cross over each other.

Above: We draw wires as “jumping” over each other wherever they would
otherwise cross.

Oftentimes in logic circuit analysis, we’re faced with the following problem: how
can we go from a Boolean expression to a logic circuit diagram? In the following
simple example, we develop a methodology for translating Boolean expressions
into logic circuit diagrams.

Draw the logic circuit diagram for the Boolean expression: D = AB + C, where
A, B, C, and D are logic variables.
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When drawing the logic circuit diagram from a Boolean expression, we may use
the following procedure:

1. Identify all of the input and output logic variables. Before we
begin drawing a circuit, it’s important to identify all of the variables we’re
going to be working with. The output variable is the logical variable all
on its own on one side of the expression, and is what we want our circuit
to evaluate to.

The input variable(s) are all of the variables on the other side of the
expression. They’re what we're manipulating using logic gates to reach

the output.
In this case, we identify our output variable as D and our input variables
as A, B, and C.

2. Draw the input variables on the left side of your diagram. We
can begin our logic circuit sketch by writing out all of our input variables
in a column in alphabetical order.

For our example, this would produce the following start to our sketch:

A

&)
C

3. Identify all sub-expressions. Now that we’ve identified all of our logic
variables and started our sketch, we can begin forming the framework for
our logic gates.

We start by identifying all of the sub-expressions of our Boolean expression
- the smaller expressions within our larger Boolean expression. This helps
us break down a complex Boolean expression into simpler parts. Note that
it’s not uncommon for sub-expressions to contain further sub-expressions
within themselves.

Note that there’s not always a single right answer when choosing sub-
expressions! There are lots of ways to look at Boolean expressions, espe-
cially in more complex ones.

Here, where D = AB + C, we identify two sub-expressions: AB and C.

4. Implement the sub-expressions using logic gates. Now that we’ve
identified the sub-expressions of our Boolean expression, we can return to
our circuit diagram.

Going one sub-expression at a time, we represent each sub-expression using
logic gates. Let’s begin with the first sub-expression, AB. Using our
sketch from step 2, we can draw the logic gate that produces the simple
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expression AB.

Recognizing that AB is a product, we use an and gate. Starting from the
positions for A and B we sketched out, we draw “wires” from A and B
going into an and gate.

A DA@:
s |
L

Above: the logic gate for the first sub-expression. Remember to leave
enough space for the other logic gates in your drawing!

After labeling the output of the and gate as AB, we move onto our second
sub-expression, C. We recognize that this sub-expression can be repre-
sented by an inverter gate. Drawing this on our logic circuit diagram and
labeling the output, we get:

A —_A%
3 D C
5. Connect the sub-expressions. To form the full Boolean expression, all
that remains is to correctly connect the sub-expression circuits.
Recall that our expression, D = AB + C, joins the two sub-expressions,
AB and C, with a logical addition operation. Since we represent addition

with an “or” gate, we connect the outputs of our two sub-expressions with
an or gate. Completing this and labeling the output, we arrive at our final

logic circuit diagram:
N
5 f D— @j_ AR+ C
c Do c.

We now have a complete representation of our Boolean expression!
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9 Digital Circuit Design

Previously, we began to explore the fascinating world of digital electronics. Tak-
ing a sharp left turn from the phasors and systems of equations that ruled analog
circuitry, we looked at Boolean algebra, and began to learn about the different
types of logic gates. We also learned how to put these logic gates together into
circuits, and translate from abstract mathematical expressions into logic gates
that can be implemented in the real world.

In this chapter, we’ll dive deeper into digital electronics, and ask the funda-
mental question of how we can design different digital circuits to fit our needs.
Additionally, we’ll learn about a new digital circuit component: the flip flop.

9.1 Designing Logic Circuits

Previously, we began discussing how to construct digital logic circuits from
logic gates. By combining logic gates in certain ways, we were able to construct
circuits that performed Boolean operations.

For example, recall that we were able to represent the expression D = AB + C
by the following logic circuit:

A DA‘S
T
C Do

So far, in logic circuits such as the above, we’ve been provided with a Boolean
logic expression such as D = AB + C, and have been asked to come up with
the corresponding logic circuit.

What if we're asked to complete a more challenging task? What if instead of
being provided with a Boolean expression, we're provided with a truth table, and
have to come up with a logic circuit that replicates the truth table’s behavior?

A B C|D
1 1 1|1
1 1 0|1
1 0 1|1
10 0]60
0 1 110
0 1 010
0 0 110
0 0 010

For example, if we're presented with the truth table above, how would we design
a logic circuit that produces the output D? As it happens, this is a common
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problem in digital electronics. Oftentimes, we don’t know exactly what Boolean
expression we want, but rather have a set of desired input and output combi-
nations.

By using the laws of Boolean algebra, we can develop clever strategies to enable
us to design logic circuits for any truth table, no matter how complex!

When converting a truth table into a logic circuit diagram, we’ll use the follow-
ing general two-step procedure.

1. Determine the Boolean expression from the truth table. Using
the laws of Boolean algebra, develop a Boolean expression that produces
all of the desired outputs in the truth table.

2. Convert the Boolean expression into a logic circuit. Using our
previously developed strategies for sketching logic circuits, convert the
Boolean expression from step 1 into a logic circuit.

9.1.1 Finding Boolean Expressions

Let’s now discuss some different strategies for completing step 1: how can we
find a Boolean expression from just a truth table? We’ll answer this question
through the following example:

Find a Boolean expression and logic circuit for the truth table:

A B C|D
1 1 1|1
1 1 0|1
1 0 1|1
1 0 0]0
0 1 110
0 1 010
0 0 110
0 0 010

When looking at a truth table like this and deciding a viable method to find the
Boolean expression for D, the output, we might resort to something like “guess
and check.” By guessing Boolean expressions combining A, B, and C' that look
like they could produce the output D, we might be able to find our answer.
But, for this problem, this involves guessing eight rows correctly! This is a tall
order that only becomes more challenging as we add variables.

Instead of resorting to guess and check to determine an expression for D, we
may use the following procedure, known as the sum of products method.

1. Identify all of the rows where D = 1. Our first step is to identify all
of the rows in our truth table where D equals 1. By doing this, we take
one step closer to making sure D will have the right value in all possible
cases.

Looking at the truth table above, we identify that the first, second, and
third rows all have D = 1.
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2. For each row identified in step 1, write a product of the inputs
that makes D = 1. Now that we’ve identified all of the rows where
D =1, we want to figure out how to get D = 1 for each case by multiplying
the input variables.

Why do we use multiplication? Because logical multiplication is only
equal to 1 for one combination of input variables, we know that we won’t
accidentally produce other combinations that give a value of 1.

Let’s begin with the first row where D = 1:

A B C|D
I 1 11

Our goal is to write some product of A, B, and C' that produces D. Here,
A, B, and C are all equal to 1. Thus, we may write:

D=A-B-C (327)

This is our first logic expression. Let’s now do the same for the other rows
we identified in step 1.
Next up is row 2:

A B C ‘ D
1 1 0 ‘ 1
Here, although C' = 0, D is still equal to 1. How can we write a product

of A, B, and C to make D = 1?7 We simply invert the value of C. Our
expression for row 2 is thus:

D=A-B-C (328)
For row 3, our final row from step 1, we have the following:

A B C|D
1 0 1)1

Here, since B =0, to get D = 1, we invert B. This produces the following
expression:

D=A-B-C (329)

3. Sum all of the expressions for D from step 2. Once we have all of
our Boolean expressions that represent all of the ways we can combine A,
B, and C to make D = 1, we simply add them up! This gives us our final
Boolean expression:

D = ABC + ABC + ABC (330)

Because this expression will have a value of 1 for every correct combination
of A, B, and C and will have a value of 0 otherwise, it fully represents our
truth table. We’ve now found our mystery Boolean expression!
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4. Draw the logic circuit diagram. Using our logic circuit drawing tech-
niques, we may sketch a logic circuit for the Boolean expression we just
found. For this problem, our circuit will be:

ABC
} )

We've now successfully designed a logic circuit for a truth table! Our
problem is now complete.

Let’s take a moment to step back and think about why this worked. In step 3
of our procedure, why did we sum up all of our expressions for D = 1?7 How can
we be sure that none of the other combinations in the truth table would equal
17

Let’s think for a moment about the truth table for the following Boolean ex-
pression: F =X +Y + Z, for X, Y, Z, and F logical variables.

=
~
N
e

OO OO = ==
OO R R OO -
O O, OO
O = e

As we can see in the truth table, whenever one or more of X, Y, or Z equal
1, the entire expression is true. When none of the X, Y, and Z equal 1, the
expression is false.

In the sum of products method, we take advantage of this useful structure to
find our Boolean expression. We know that when one of the sub-expressions,
which corresponds to a row in our truth table, equals 1, the entire expression
will equal 1. Similarly, when none of them equal 1, the entire expression will
equal 0.Since we only get 1 for the 3 cases we described, every other combination
of variables will lead to an output of 0! Therefore, by adding together all of the
cases where D should equal 1, we must get a logical expression that satisfies all
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of the cases.

As it happens, the sum of products method is not the only method for going from
a truth table to a Boolean expression and circuit diagram. Another method,
the product of sums method, focuses on the rows of the truth table that are
equal to zero.

Let’s discuss the product of sums method for the same example:

Find a Boolean expression and logic circuit for the truth table:

N
Sy
Q
>

O R O OO

OO OO = ==
SO PP OO KK
[ elellelNeall ) e

Product of sums is defined by the following procedure:

1. Identify all rows where D = 0. Instead of focusing on the rows where
D =1, as we did with the sum of products method, for product of sums,
we turn our attention to the rows where D = 0.

For this example, rows 4, 5, 6, 7, and 8 all have D = 0.

2. For each row identified in step 1, write a logical sum of all the
variables that equals 0. Whereas in sum of products, we found products
of the input variables for all of the D = 1 rows, for product of sums, we
find a sum of all of the input variables for the D = 0 rows.

Remember, for a sum of logic variables to equal 0, all of the logic variables
must equal 0. Let’s begin with row 4, the first row we identified:

A B C|D
1 0 0]0

To get D = 0 by adding the input variables, we would write:
D=A+B+C (331)

We now repeat this process for all of the remaining zero rows:

D=A+B+C (332)
D=A+B+C (333)
D=A+B+C (334)
D=A+B+C (335)

This step is now complete!
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3. Multiply all of the Boolean expressions from step 2. By taking
the product of all of the Boolean expressions from step 2, we find our final
Boolean expression:

D=(A+B+C)A+B+C)(A+B+C)(A+B+C)(A+B+0C)
(336)

You might notice that this expression for D is different to what we found
using the sum of products method - this is actually expected! For every

truth table, there are always multiple ways to write a Boolean expression
for D.

4. Draw the logic circuit diagram. Using our logic circuit diagram draw-
ing techniques, we arrive at the following diagram:

A+B3C

o

C ==

And our problem is complete!

You may have noticed that for this truth table, our product of sums circuit
diagram, which we just drew, was significantly more complex than our sum of
products diagram despite representing the same truth table. How can we tell
which method will give us the simplest circuit diagram?

When the output column of a truth table (D in the example above) has fewer 1s
than Os, it’s a good idea to use sum of products. Since sum of products focuses
on the rows equal to 1, this will result in fewer logic gates. On the other hand,
when the output column fewer Os than 1s, it’s good practice to use product of
sums, as it focuses on the zero rows. Although this is a good guideline to follow,
note that you may always apply both methods to any truth table.
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9.2 Sequential Logic Circuits

Thus far, our logic circuits have all been of the following form: a series of input
variables that pass into a set of logic gates, which then operate on the input
variables to form some output.

Across all of our logic circuits, one thing has remained constant: our circuits
have no memory of their past inputs. For the following circuit, for example:

h
T
3 Do

If at one point in time, A = 0, B = 1, and C' = 0, and at another point in
time, A =0, B =1, and C = 1, the output of the circuit at time 2 will not be
impacted by the output at time 1 - every input is totally independent.
Because of this, we say that Boolean logic circuits are memoryless: they have
no recollection of their past states. Sequential logic circuits are a class of
circuit that do have memory: their values will depend on the past states of the
circuit.

How can we design these sequential logic circuits? To begin, we’ll construct the
foundations of a component known as the flip flop, a part that forms the basis
for many sequential logic circuits.

First, consider the following digital circuit:

INPpuT ocoTPUV

This circuit, which uses an or gate, has a distinctly different setup to what we’ve
seen before. Instead of having two separate inputs and a single output, we have
a single input and an output that connects back to one of the input terminals.
Let’s analyze the behavior of this circuit for a couple of different cases.
Imagine that the circuit begins in the following state, where A, B, and D all
equal 0.

A B|D

0 010

In this case, A and B are equal to 0, which makes D also equal to 0. This is
consistent with the definition of the or gate.
Something interesting, however, happens when we change A to 1. From the
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definition of an or gate, we know that having A = 1 leads to an output of
D=1.

A B|D
0 010
1 011

However, because the output of D feeds back into B, the state of B must change
to 1.

Nt

Thus, right after this state, we get the next row of the truth table, where B is
now equal to 1:

A B|D
0 010
1 011
1 111

Let’s ask another interesting question. What will happen if we change A back
to 07 Since B and D are already equal to 1, their value will not change, leaving
us with a circuit in the following state:

0 A DI
;‘1>>_
@[-_—‘1

Thus, if we change A back to 0, we will get the final row:

In this case, since they remained connected to each other, B and D remembered
their value from the previous state, and stayed the same! The value of the new
state depended on the previous state, and we thus say that the circuit thus has
memory.

When working with sequential logic circuits, we construct more complex versions
of these circuits that “connect back” to each other using different logic gates.
These circuits are known as flip flops, and come in many different forms.
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9.2.1 The SR Flip Flop

The first type of flip flop we’ll discuss is the SR (Set/Reset) flip flop. The
logic circuit diagram for the SR flip flop is found below:

f—3 8,

—

S Q

Above: An SR flip flop, constructed from two NOR gates

In an SR flip flop, we have two inputs, S and R, on the left-hand side, and two
outputs, @ and @, on the right-hand side. We’ll soon see that @ and Q are
always complements of each other.

Let’s characterize the behavior of the SR flip flop by looking at different combi-
nations of R and S and observing the resulting outputs at Q and Q. As an SR
flip flop is constructed from two NOR gates, we provide the NOR gate truth
table below as a reminder to help in our analysis:

A B|(A+B)
0 0 1
1 0 0
1 1 0
0 1 0

Let’s begin by testing out the following condition: assume all logic variables
except R are equal to 0.

R _| oQ

S0 B >Q

Let’s evaluate where this circuit “settles.” If R is 1 and the other terminal of
the NOR gate is 0, looking at the NOR gate truth table, @) will stay at 0. But,
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looking at the bottom NOR gate, if both inputs are 0, then ) becomes 1. This
puts the circuit in the following state:

R |
—) > Q

S o0

Let’s check to see if this is the final state of the circuit for this combination of R
and S. If we have both inputs to the top NOR gate as 1, the output of the NOR
gate, @, will equal 0. Thus, the circuit remains in the current configuration.
Now that we have the final configuration for this combination of R and S, we
fill in the first row of our SR flip flop truth table:

R 5|Q
1 0]0

Now, let’s evaluate what happens to Q when we turn both R and S off. Starting
from our current configuration, let’s change R to 0.

R 0 3
!

S o

Above: notice how Q and Q always have opposite states

As we can see in the diagram above, when we change R to 0 and keep S at 0,
nothing happens - the circuit remembers its last state and stays there. We now
write this into the truth table with a special syntax:

R 5| Qn
1 0 0
0 0 anl

Instead of just writing @, we use @, to denote the present state of ). For the
case we just discussed, where R and S are 0, we use @Q,—1 to express that @
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keeps its previous state. With flip flops, it’s common to use subscripts like these
to express the state a part of the circuit is in.

Analyzing the circuit for the remaining combinations of R and S, we get the
final truth table for our SR flip flop:

R S|  Qn
1 0 0
0 0 anl
0 1 1

1 1| Not Allowed

Note that having both R and S equal to 1 would make @ and @ to be at the
same value. Since this state would contradict the two being complements of
each other, we say that inputs of R =5 =1 are “not allowed.”

When we want to draw an SR flip flop in a logic circuit, since the actual NOR
gate circuit can be cumbersome to draw, we use the following shorthand symbol:

—I|R a
S @

Above: the SR flip flop circuit symbol is a square with four terminals

Notice how in the circuit symbol, all that we do is replace the NOR gate circuit
with a square box that represents the circuit inside.

Let’s now do a quick example of an SR flip flop problem:

Given the following waveforms for S and R as functions of time, plot Q as a
function of time for an SR flip flop.

AR
|
—%
. 2 4= 5 6 t
PAS
) 4 R r‘
=t
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Here, our task is to plot the graph of @ corresponding to the provided graphs
for S and R. All we need to do to plot @ is apply the rules of the truth table!
According to the truth table, when S is 1 and R is 0, @ will be 1. When S is
0 and R is 1, Q will be 0. Further, when both S and R are 0, @ will stay the
same as before.

With these rules in mind, by comparing the values of S and R at each point in
time, we plot the following graph for Q:

NQ

W
o

9.2.2 The D Flip Flop

Let’s discuss a second, equally important type of flip flop: the D (delay) flip
flop. In our discussion of the SR flip flop, and our example problem, we notice
that our output signal @), was entirely dependent on the inputs, S and R. What
if in addition to having input signals, we also had a way to control when the
flip flop changes its state?

A clock signal is a signal composed of regular pulses that control when our
flip flop will change its state. An example of a clock signal is shown below:
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A clock signal has two important “edges” in its waveform. When the signal
goes from low to high, we say that it’s at a leading edge, or a “positive-
going edge.” When the signal goes from high to low, we say that it’s at a
trailing edge, or a “negative-going edge.”

A D flip flop is known as a positive edge triggered flip flop. This means that
it updates its state at every positive-going edge. When drawing a D flip flop in
a circuit, we use the following symbol:
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D QI

> C Ql—

On the left hand side, we have the data signal input, D, and the clock input, C.
The small triangle on the clock input indicates that the D flip flop is an edge
triggered flip flop. On the right hand side, we have @ and Q as outputs of the
flip flop. Note that we’ll often omit the @ port, as we don’t always need it in
our circuit.

We describe the D flip flop’s behavior with the following truth table:

Let’s break down what this truth table is telling us line by line. The first line
tells us that if the clock signal, C| is constant at 0, no matter what the data
signal is, the state will always be the previous state. Similarly, from the second
row, if C is constant at 1, no matter what the data signal is, the state will
remain at the previous state.

From the 3rd row, we find that when we're at a positive-going edge of C', indi-
cated by 1 in the truth table, and the value of D is 0, the state will update to
be 0. Similarly, from row 4, when we’re at a positive-going edge of C and the
value of D is 1, the state will be equal to 1.

Let’s observe the D flip flop in action with the following example:

Given the clock and data signals for the circuit below, sketch the waveforms for
Qo and Q1. Assume that Qo and Q1 start at 0.

@o Q.

Dute —0. Q[0 @ —/

Cna CA

Clagw l J
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Note that this circuit is actually a very common layout in digital electronics
known as a serial-in parallel-out shift register. By passing in a single data
input, we get out multiple parallel data outputs, each with waveforms shifted
from each other. We’ll soon see how the D flip flop enables this behavior.
Let’s begin by sketching a waveform for the 1st output, Q9. We know for a D
flip flop that at every leading edge, the value of Qg will be updated to equal the
value of D at that time. From the prompt, we also know that @ starts at O.
Thus, we may begin our sketch by drawing a line starting at 0 and continuing
until the first leading edge of the clock. Once we're at the leading edge, we
check the value of the data signal, and find that it’s equal to 1. Thus, we update
the value of )y to be 1.

When completing this process, it’s helpful to draw a dotted vertical line starting
at the leading edge and going down through D up to Q¢. This helps us find
where Q¢ will change as well as what its new value will be.
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Now, Qo continues to be at 1 until the next leading edge, where we check the
value of the data signal again and update @y accordingly. We repeat this until
we reach the end of the provided signals. This gives us the following:
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Thus, we have a complete waveform for Q! Now, we want to find the output for
Q1. Looking back at our circuit, we find that the data input for @, is actually
the output of Q. Thus, all that remains is to repeat the process using Qg
instead of D.

Completing this, we arrive at our final answer:
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As you can see, at each step, the data wave is shifted over! This is what gives
the serial-in parallel-out shift register its name. Our problem is now complete!
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10 Operational Amplifiers

In the past, we’ve performed extensive analyses of AC, DC, and digital signals, as
well as their use in circuits. In this section, we explore methods of manipulating
these signals and amplifying their strength.

We'll begin with a discussion of the amplifier, the class of component that makes
this amplification possible, and then progress into an analysis of an important
type of amplifier: the op amp.

10.1 Amplifiers

Imagine you're faced with the following circuit design challenge. You're using
a microcontroller to power a loudspeaker, but due to the limited output of the
microcontroller, your speaker is far quieter than you wish it to be.

How can you design a circuit that amplifies your microcontroller signal to pro-
duce a louder yet equivalent tone? To accomplish this task and design a suc-
cessful circuit, we would use an electrical amplifier.

When using an amplifier in a circuit, our goal is the following: by inputting a
small current or voltage into an amplifier, we want to get out a greatly amplified
signal with the same waveform.

/

5 LARece
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g

Above: by entering a small input signal into a loudspeaker, we’d like to get a
larger version of the signal out.

10.1.1 The Simple Amplifier

Let’s begin developing the background for this special component with a study
of the simple amplifier, an amplifier with a single input, a single output, and
a constant amplification.

At the most fundamental level, we can think of amplifiers in terms of block
diagrams. Consider the following block diagram for the simple amplifier:

':Lfi’ Vo= A ‘/L
S| A +—
AmpLL FEa':-ﬂ;
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Let’s break down what’s happening in this diagram, and observe how we may
use it to understand how a simple amplifier functions.

On the left of the block diagram, we have the input signal, V;, represented by an
arrow. This input signal is then scaled by some constant A as is passes through
the amplifier. The output signal, V, = AV}, exits the amplifier on the other
side.

To describe how much amplification occurs, we define the amplifier gain. The
gain of an amplifier is the ratio of the amplitude of the output signal to the
amplitude of the input signal, and is the scaling factor the input is multiplied
by to get the output. For the simple amplifier, for example, the gain would be
the scaling factor A.

In practice, how would this amplification look for a waveform? Consider the
following graph of a simple sine wave, where the input signal is in green and the
amplified output signal is in red.

As you can see in the graph above, when a simple sine wave is passed into an
amplifier, the same wave, simply with a greater amplitude, comes out on the
other side. All other properties, such as frequency and phase, remain unaffected.
Now that we have this simple picture of a block diagram in mind, let’s take one
step closer toward an actual circuit. Instead of using a simple block diagram
approach with arrows for input and output signals, let’s think about amplifiers
in terms of voltage inputs and outputs.

-

+
g)‘*\?; AwmP e, gAvk= Ve
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Although we’ve translated our block diagram to something more closely resem-
bling a circuit, a structure similar to the block diagram remains. On the left,
we have our input signal from a voltage source, in the middle our amplifier, and
on the right our amplified signal, which passes through a resistor.

As it’s common to have a resistor at the output of an amplifier, we give the
output resistor a special name: the load resistor (Ry). Note that the load
resistor can be replaced with any circuit between the output terminals of the
amplifier.

Although this model for the amplifier is useful, it’s not yet fully developed! We
must ask ourselves what’s happening inside the amplifier block. Thus far, we've
considered the amplifier to be a black box - we pass in an input signal, some
process happens inside the amplifier, and we get an amplified signal back out.
To analyze amplifier circuits, we must gain a more complete understanding of
this process and the circuitry inside the amplifier. To do this, we introduce a
new component: the dependent source.

So far, our current and voltage sources have operated independently of every-
thing else in the circuit.

We recall that no matter what else was happening in the circuit, a DC current
source would always put out a constant iy, and a DC voltage source would
always put out a constant V.

What if we had a source that depended on other values in a circuit? This is
what a dependent source is. We may represent a dependent source with the
following circuit diagram symbol:

+ V:Avo

—
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As you can see in the image above, the value of the dependent source, V, is some
constant multiplied by another voltage V,,, where V,, is the voltage at some other
point in the circuit.

Let’s apply the concept of a dependent source to develop a model for what’s
going on “under the hood” of an amplifier. Using a dependent source, we may
represent the amplifier circuit from above as follows:

e ———_

Cfg)v J L. AM

W) i RIS T Seaadd .

L

As we can see in the circuit diagram above, we can represent a simple amplifier
circuit with two loops. The first loop, on the left, has a voltage source connected
to a resistor, R;, known as the input resistor. The second loop, on the right,
has a dependent source that depends on the value of V; and amplifies it by some
constant A,, where v stands for voltage. This dependent source then connects
to the load resistor outside of the amplifier.

10.1.2 The Differential Amplifier

Now that we’ve considered a very simple model for an amplifier, with a single
input and output port, let’s see how we can develop the idea of an amplifier
further. Instead of having just a single input, imagine that we have an amplifier
with two inputs and one output.

The differential amplifier is one such device - it amplifies the difference be-
tween two input signals. A block diagram representing the differential amplifier
is found below:

A e
Uf‘a |

Av (Vi - Via) = Ve
AMP  —>

As you can see in the block diagram, two input signals, V;; and V5, enter the
differential amplifier on the left hand side. On the right, a scaled version of the
difference between the two signals, A, (V;1 — Via), emerges.

Just as we took the step from a simple block diagram representation to a circuit
representation for the simple amplifier, we may now do the same for the dif-
ferential amplifier. We may represent a differential amplifier with the following
circuit:
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Let’s break down what’s happening in this circuit diagram. On the left side,
we have two inputs to the amplifier, represented by two voltage sources. These
inputs then enter the amplifier’s input terminals. On the right side, an amplified
signal is output across a load resistor. Once again, we label the gain of the
amplifier A,.

Unlike the simple amplifier circuit diagram, we label the two inputs of the
differential amplifier + and —. We name the input with the positive sign the
non-inverting input. This is because the signal that enters the non-inverting
input keeps its sign in the output signal. We name the input with the negative
sign the inverting input, as the sign of the signal that enters this port is
flipped in the output.

Let’s observe how the differential amplifier functions in the following example:
Example: Given the following differential amplifier with a gain of 1000, find and
sketch the output signal given the two inputs below:

Viiz 0.006cs(106)

Vu'.l. V‘-.
> Viz = 6, corcos(10b)

— -

The key to this problem is in applying the input-output relationship for a differ-
ential amplifier. Recall that for a differential amplifier, the output signal may
be expressed as:

Vo= Av(‘/il -V ) (337)
Where V;; is the signal entering the non-inverting input, V;s is the signal entering

the inverting input, and A, is the gain.
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Let’s apply this relationship to this problem to find what the output signal will
be! Looking at the circuit diagram provided, we find that the signal entering
the non-inverting input is 0.006 cos(10¢), and the signal entering the inverting
input is 0.004 cos(10t). We also know from the problem statement that the gain
of the amplifier is 1000. Thus, applying the differential amplifier relationship,
we find:

V,, = 1000(0.006 cos(10t) — 0.004 cos(10t)) (338)
Vo = 2cos(10t) (339)

Now, all that remains is to sketch this signal out!

/\U“

2

A -
-2

\

As we can see, by passing signals of very small magnitude into an amplifier,
we’re able to get signals of much larger amplitudes yet the same waveform back
out.

10.2 Op Amps

Thus far, we’ve discussed two basic types of amplifiers: the simple amplifier
and the differential amplifier. Although, as seen in the previous example, these
components do allow us to meet our goal of amplifying our signals, they don’t
allow us to adjust how much we amplify our signals.

Each amplifier so far has had a single, non-adjustable gain that results in a
very rigid amplification. How, then, can we gain more control over the level of
amplification in our circuits?

Imagine that instead of having a predetermined gain, we were able to adjust
the gain simply by changing circuit components! For example, imagine that we
were able to change the gain of a differential amplifier simply by changing the
values of the resistors in the circuit.
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Above: What if the gain A, was a function of resistance?

The operation amplifier, or op amp, is a special type of differential amplifier
that gives us this level of control in signal amplification. The circuit symbol for
the op amp is the following:2!

This circuit symbol resembles the conventional layout for a differential ampli-
fier. On the left side, we have two input signals, one of which goes into the
non-inverting input terminal and the other of which goes into the inverting in-
put terminal. On the right side of the amplifier, we have the output signal.
Where we notice a difference between op amps and the differential amplifiers
we previously discussed is in the two extra terminals, labeled V* and V~, en-
tering the op-amp. These two terminals represent something key to how every
amplifier circuit functions.

Thus far, you may have noticed that the amplification of the signal seems to
come for free! We pass in an input signal and seem to magically get a much
more powerful signal on the other side. Where is the energy for this amplifica-
tion actually coming from?

The V+ and V'~ ports represent the terminals of an external power supply.
This external power supply is a high-power source capable of supplying large
voltages and currents. This is where the amplification truly comes from.
Because we always use an external power supply with an amplifier, it’s often-
times unnecessary to include in the circuit diagram. Thus, in most amplifier

21Readers familiar with the program Simulink will recognize the similarity of the op amp
symbol to the Simulink gain block.
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circuits, we simply imply the existence of an external power supply and draw the
amplifier without the extra two terminals. An op amp will therefore typically
appear as the following in a circuit diagram:

-t Ve

10.2.1 The Ideal Op Amp

Now that we’ve established some basic background for the op amp, let’s describe
the unique properties that afford us so much control over our amplification. An
ideal op amp has the following surprising characteristics:

1. Infinite gain. Whereas the differential amplifiers we’ve considered in the
past have had a high, albeit finite gain, an op amp has infinite gain. This
means that, using our differential amplifier circuit, any signal passed into
an op amp will be amplified to infinity.

2. Infinite input resistance. An ideal op amp has an input resistor of
infinite resistance between the inverting and non-inverting inputs. This
means that zero current flows into an ideal op-amp.

3. Zero output resistance. An ideal op amp has zero resistance on the
output of the amplifier, meaning that any current may flow out of the

amplifier.

With these three unusual characteristics in mind, we may draw the following
circuit representation of the interior workings of an op-amp:

Above: a circuit representation for the inside of an op amp.
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Looking at each component in the diagram above, we see how each of the three
ideal op amp characteristics emerges.

First, we notice that the input resistor, R;, has infinite resistance. By Ohm’s
law, V = IR, we know this means that zero current flows into the input ter-
minals. Second, we notice that the dependent source has an infinite gain, A..
Third, we observe that the path from the dependent source to the op amp out-
put is simply a wire, meaning that the op amp has zero output resistance.
The following graph incorporates these three properties, and describes the rela-
tionship between the input and output voltages of the op amp:

) i sznc.b
v

On the x-axis of the graph, we have the input voltage, which, as for all differen-
tial amplifiers, is equal to the difference between the two inputs. On the y-axis,
we have the resulting output voltage.

In the middle of this graph, we have a linear region of operation, with a slope
equal to the gain of the amplifier. For an ideal op amp, this slope approaches a
vertical line, since the gain is equal to infinity.

On either end of the linear region, we have two straight lines that seem to “cut
oftf” the output voltage of the op amp - why does this occur?

Recall from our earlier discussion that every op amp is powered by an external
power supply. Because of this, the maximum voltage of the op amp output is
limited by the maximum voltage of the power supply. Thus, the output voltage
of the op amp is never able to exceed the voltage of the source. This results in
the sharp, straight-line cutoffs at the voltage of the source.

10.2.2 Negative Feedback

Although all of the characteristics of the op amp, from infinite gain, to infinite
input resistance, to zero output resistance, sound ideal, we’re faced with a
problem: how do we actually use an op amp?

Let’s think about this challenge in terms of the circuit we previously used for a
standard differential amplifier:
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11

We must now ask ourselves the question: would this circuit work? With an
amplifier with a finite gain, for example A, = 1000, we saw that this setup
worked just fine and that we received a steady, amplified signal.

But, we know that an ideal op amp has an infinite gain. This means that what-
ever our input signal is, our output signal will have an infinite magnitude! Since
no external power supply would ever be able to supply this, we're faced with a
problem: although we have an amplifier with very desirable characteristics, we
have no way to harness its amplification!

Let’s examine the properties of the interesting circuit setup below, and see if
helps us achieve our goal of harnessing the power of the op amp:

Vo AfVar-via) ] -

—
-

In our analysis of this circuit, it’ll be important to keep the input/output voltage
relationship for a differential amplifier in mind. Recall:

Vo = Au(Va — Via) | (340)

With this relationship in mind, let’s begin by imagining we have a large posi-
tive voltage at our inverting input terminal. We’ll indicate this on our circuit
diagram with a 1 as follows:
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Vor AfVa-via) ] -

=
-

Let’s examine what effect this would have on our output voltage using the
differential amplifier relationship. According to the formula, if we have a large
voltage at the inverting input, the output voltage will decrease. Let’s now
indicate this with a | on our diagram.

o

VAVAY)
2, - Va\l/
Viz &
iy 2, Vo
2)Via Vo A Vai-via) 1-

—
- -

Looking back at our amplifier relationship, what effect does this have on the
rest of the circuit? Since V, and V5 are connected, this change in V,, will have
some effect on V;3. According to the formula, if the output voltage decreases,
the inverting input voltage will increase. This brings our circuit back to the

following state:

Vor AfVa-via) ] -

=
-

As we can see, the voltage at the inverting input will now increase, starting
the cycle all over again. It turns out that through this process of balancing
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the output and inverting input voltages, the circuit will eventually settle at a

constant value!

The idea of connecting the output terminal back to the inverting input of the
op amp, known as negative feedback, is thus the key to getting a constant,
non-infinite amplification from an op amp.

10.2.3 Op Amp Analysis

Now that we have a circuit setup we know will allow us to work with an op
amp, we must develop the analytical tools we need to solve op amp circuits.
Before jumping into an example, let’s take another look at the characteristics
of an ideal op amp, and see if they offer any hints as to how we may analyze op
amp circuits.

Recall the following model for an ideal op amp:
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Let’s begin with the input resistance. Recall that for an ideal op amp, the input
resistance is infinite. This means that however large the input voltages are, the
current flowing through the input resistor is 0.

What else can we determine about the input resistor? Let’s think back to
the input/output relationship for an amplifier, V, = A, (Vi1 — Vi2). Using this
relationship, it can be shown that for the op amp to settle at a constant value,
the Vi3 must equal Vis. If this isn’t the case, then the op amp will be in an
unbalanced, changing stage, similar to those we considered in our discussion of
negative feedback.

These two constraints, of the input current to the op amp being zero and the
two input terminals being at the same voltage, will prove to be essential to our
analysis of op amp circuits.

Now that we’ve developed the necessary background, we may analyze our first
op amp circuit! Let’s explore op amp analysis with the following example.
Example: The following circuit is known as an inverting amplifier. Assuming
all components are ideal, find the closed loop voltage gain V,/Viy,.
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Let’s break down what this question is asking. We’re looking to find the closed
loop voltage gain of the circuit. This is the ratio of the output voltage V, to the
input voltage V;, when the circuit has a negative feedback loop. Note that this
is different to the open loop voltage gain, which would just be the gain of the
amplifier, infinity.

When solving op amp circuits with negative feedback, we may use the following
procedure:

1. Verify that the circuit has negative feedback. Before we begin our
analysis, it’s important to verify that the circuit we’re analyzing actually
has negative feedback. If it doesn’t, the circuit might not reach a steady
value and our analysis will be irrelevant!

Here, we observe that we have a connection between the output voltage
and the inverting input terminals. Thus, we have negative feedback and
may continue our analysis.

2. Solve the circuit from left to right using Kirchoff’s laws. Once we
know that there’s negative feedback in place, we may proceed with solving
our circuit. With op amps, our strategy is to start all the way at the left
of our circuit, at V;,, and work our way over to the right of the circuit to
establish a value for V.

Let’s begin by solving for the current passing through R;. We know that
the voltage on the left side of Ry equals V;,. What about on the right
side?

To find this voltage, we apply our first op amp constraint. We know
that the inverting and non-inverting terminals are always at the same
voltage. Thus, since the non-inverting terminal is connected to ground,
the inverting terminal must be at V. This results in the following:

167



ME 100 M. de Sa

From here, we may use Ohm’s law to find:

Vi
-7

i1 (341)
Now that we have i1, we may continue making our way right in the circuit.
Let’s now zoom in on the next part of the circuit and calculate is, the
current passing through Rs.

To solve for i3, we may apply KCL at the highlighted node. We know that
i1 enters the node and iy and ¢~ exit. This gives us the following KCL

relationship:
i1—ia—1 =0 (342)
But, we know from our op amp constraints that no current enters the op
amp terminals! Thus, i~ = 0, and we conclude:
Vi
i =i = 343
V== (343)

We’re now one step closer to finding V,, in terms of the other circuit vari-
ables! From here, there are several different ways to solve for V. Let’s
take another look at the circuit diagram to see where we may go next:
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We notice that in this circuit, both the inverting input and the end of the
load resistor are at 0. Since both of these points are at the same voltage,
we may make the following surprising KVL loop in our circuit:

a.z— - - “1.‘
YW
e, P |

+

"

Writing out the KVL equation for this loop, we see:

Vo +V, =0 (344)
isRy +V, =0 (345)
Substituting in i = ‘13? and simplifying, we find:
Vi
0= Ro+V, (346)
Ry
Vin
Vo=——R 347
7, 2 (347)
Ry
V,=——=—V; 348
i (349

Recalling that the closed loop gain is the ratio of the output voltage to
the input voltage, we divide both sides by V;,, and reach our final answer:

V5 Ry
Ay =2 =2 349

169



ME 100 M. de Sa

Our problem is now complete!

We may now determine several important things about this circuit. Firstly,
consider the name of the circuit: the inverting amplifier. From our answer, we
see that this name comes from the fact that the sign of the output voltage is the
opposite of the input! Secondly, we notice that using this inverting amplifier
circuit, we’re able to control the gain of the amplifier entirely through the values
of R and R».

Thus, with the inverting amplifier circuit, we’ve managed not only to harness
the infinite gain of the amplifier but also to control the gain entirely from our
circuit components. This highlights the real power of the op amp as a circuit
component!

Although the inverting amplifier is certainly a powerful circuit, is there a way
for us to get the same control over our circuit and not flip the sign of our
input signal? To achieve this, we use a circuit known as the non-inverting
amplifier, which we’ll now analyze:

Ezample: Find the closed loop gain of the following non-inverting amplifier
circuit. Assume all circuit components are ideal.

+
V.’,n Vs

+
L, b2V
— QZ;Y

Right away, we notice something different about the non-inverting amplifier
from the inverting amplifier. Instead of having both terminals at 0V, we find
that the non-inverting terminal has a voltage source attached to it!

Let’s use our op amp analysis procedure to solve this problem. First, we check
for negative feedback. Looking at the circuit diagram, we see that there’s a path
from the output of the circuit to the inverting input terminal. Thus, the circuit
has negative feedback and will settle at a constant value! We may now proceed
with our analysis.

Starting at the left of the circuit, we note that the non-inverting input is at
a voltage of V;,. Applying our ideal op amp constraint, we know that the
input terminals are always at the same voltage. Therefore, the inverting input
terminal is also at V;,. We now have the following information about our circuit:
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Let’s begin to move towards the right in our circuit. Now that we know the
voltage of the inverting input terminal, let’s focus our attention on the output
circuit:
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Let’s redraw this portion of the circuit and see if we can gain some insight into
what’s happening:

Vo

—

In this circuit, we know the values of V;,,, R1, and Ry, and wish to solve for the
output voltage V,. Looking closer at the circuit above, we recognize that the
remaining circuit is actually a voltage divider!
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We may thus apply the voltage divider relationship for the output circuit to
find:

Ry

Vi = v, 350
R+ Ro ( )
Simplifying this equation further, we get:
y, = Bt ey, (351)
Ry
Ry
Vo= (14 R—g)vm (352)

Finally, dividing both sides by V;, to get A,, we arrive at our final answer for
the closed loop gain:

Ay=2 =1+ (353)

Thus, we observe that with a non-inverting amplifier circuit, we're able to con-
trol the amplification of the circuit once again by adjusting the resistances. This
time, however, the sign of the output is not flipped.

Thus far, we’ve covered two important types of op amp circuits, and have seen
a variety of methods for the analysis of amplifier circuits. One common thread
among our analyses, however, has been that all of our sources have been con-
stant. What happens when we use an alternating source with an op amp cir-
cuit?

Recall that when working with alternating circuits, we use phasor analysis,
which involves using complex numbers to simplify the process of working with
alternating signals.

Instead of simply using resistors and resistance, we defined a much more general
term called impedance (Z), which we defined to be:

Z = (354)

’\u‘ <

We then proceeded to derive the following formulas for the impedances of resis-
tors, capacitors, and inductors:

2ol = 22— Q2. G
/) e C 5w C & L= JWL
J o
of
|
i
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You may remember from our exploration of phasor analysis that all of our DC
circuit analysis techniques, such as KCL and KVL, remained the same for phasor
analysis.

This same concept applies for op amp circuits. We may solve AC op amp circuits
exactly as we would DC op amp circuits, simply using impedance instead of
resistance when appropriate. Let’s apply this idea in the following example:
Ezxample: Find the closed loop gain VO/VW for the following circuit. Assume all
components are ideal.

e L

. C

VY Ve |
NS
V'a

|
"

— P il
— —
- -

Let’s begin this problem just like we would any other op amp problem! First,
we verify that the circuit has negative feedback. Looking at the circuit diagram,
we find that there’s a path between the output of the op amp and the inverting
input terminal. Thus, negative feedback exists, and we're ready to start our
analysis.

Let’s begin our analysis by completing the first step from phasor analysis. First,
redraw the circuit with boxes instead of resistors, capacitors, and inductors, and
label each box with an impedance.

Now, let’s proceed with our circuit analysis step. Right away, we notice that we
can simplify the circuit above using the rules of equivalent impedance. Recall
that for components in series, the equivalent impedance is the sum of the indi-
vidual impedances.

With this in mind, we redraw the circuit as the following:
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Where Zeql = ZRI + ZC and Zqu = ZRQ + ZL-
Upon closer inspection, we realize that the redrawn circuit is simply an inverting
amplifier! Recall from our earlier example that for an inverting amplifier:

—

Vo R

Ay==2=-2
Vvin Rl

(355)

Since all of the same rules apply for phasor and DC circuit analysis, we may
simply substitute Z.q1 for Ry and Z.42 for Ry, leaving us with:

Vs Ze
Av:f/ :*Zqi (356)
7 eq

Substituting in our expressions for Z.,1 and Z.q2:

Zr2 + 71,
Ay =——7"7"T+ 357
! Zr1+ Zco (357)
Now, all that remains is to plug in the impedance of each component:
R jwL
4, =20 (358)
R+ 7]

And our problem is complete!

10.2.4 The Real Op Amp

In describing all of our circuits, in using Ohm’s law for resistors to the simple
differential equations for capacitors and inductors, we’ve relied on the fact that
our circuit components are ideal. By using ideal models for circuit components,
we’re able to analyze circuits quickly and come to useful conclusions using rel-
atively simple equations.

After describing the circuit diagram and characteristics of an ideal op amp, it’s
natural to ask: what does a real-world op amp look like?

In reality, op amps are constructed from circuits far more complicated than the
simple input resistor/dependent source circuit we studied. Real op amps are
typically constructed from around 30 transistors, as well as a set of resistors
and capacitors.
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Since the circuits used to construct op amps are so complex, real-world op
amps are built using integrated circuits. Integrated circuits, or “ICs,” are
chips that contain tiny, complex circuits that are otherwise hard to build.

A typical op amp IC will look similar to the following;:

1

|
The rectangular block in the center contains all of the tiny transistors, resistors,
and capacitors within. This is where the actual op amp is. On the outside of
the rectangle, we find metal terminals that can be used to interface with the op
amp inside.

How does this integrated circuit relate to the circuit diagram for an ideal op

amp? The following is the setup for the TLV2370, an op amp manufactured by
the company Texas Instruments.??

ouT Ci-”"%ij 6 Voo
) Ez f%:\ 5 j SHown

ln + 3«J L *j

I -

As you can see in the image above, all of the terminals of the integrated circuit
correspond to the different ports of the op amp circuit we previously discussed.
The inverting and non-inverting inputs may be found in the bottom row of pins,
while the output of the op amp is found in the top left. The external power
supply for the op amp, labeled Vpp, is found in the upper right.

By connecting each pin correctly, we may use an integrated circuit op amp just
like any other circuit component!

22The name Texas Instruments (TI) may be familiar to you as the manufacturer of your
calculator! TT is also a large manufacturer of electronic components.
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