MEC ENG 103: Probability, Statistics, and Signals Reference Sheet

Komolgorov’s Axioms of Probabilities:
1. P(A)>0 VACQ
2. P(Q) =1
3. P(A1UA U...) =P(A;) + P(A2) + ...

For events A, B, and C : P(AU B) = P(A) + P(B) —P(AN B)
More generally, we have the inclusion-exclusion principle:

n
P (U Ai> =D P(A)=DY P(ANAN+ D P(ANANAL)— -
i=1 i<j i<j<k
The odds in favour of A: P(A)/P(A) where P(A) =1 — P(A)
Conditional probability: P(A|B) = P(]QE;B) provided P(B) > 0.
Chain Rule or Product Rule:

P (m A1> = P(Al)P(AQIAl)P(A;gIAlﬂAz) .. ']P(AnIAlﬂ' . 'ﬂAnfl)
i=1

Bayes’ Rule:

P(A)P(B|A)

FAIB) = 2 B4 + PCORBA)

Law of Total Probability: P(B) = 3=, P(A;)P(B|A;)

A and B are independent <= P(B|A) = P(B)

A, B, and C are independent <= P(ANBNC) = P(A)P(B)P(C),
P(ANB) = P(A)P(B), P(BNC) = P(B)P(C), P(CNA) =P(C)P(A)

The cum. distr. fn. (cdf): F(z) =P(X <z)= [*

Tg=00

The probability density fn. (pdf): f(z) = dF(z)/dz

f(zo)dzo

EX]=p= /_oo xf(x)dz, Var[X] = o = E[X?] — pu®

where E[X?] = [*°_2?f(z)dx

Permutation with repetition: n”
Permutation with no repetition: , P, = ("’_‘7'”,

Combination with repetition: %

n!
r!(_nfr)!

Counting ways to partition n objects into n® groups

Combination with no repetition: () =

Coss g ) 5
ni,na...Ng nilng! ... ng!

Markov Inequality: P[X > a] < E[X]/a

Chebyshev’s Inequality: P(|X — u| > ¢) < 02/c?

Chernoff Bound: P[X > a] < E[e®**]/e®*,s >0

Jensen’s Inequality: f(E[z]) < E[f(x)], f is convex, f (z) > 0
Union Bound

The probability distribution for a discrete random variable X is

called the probability mass function (pmf) and is the complete set

of probabilities {p,} = {P(X =)}

The expected Value is E[X] = p = > =ps

For function g(z) of z, E[g(X)] = 3, 9(®)ps, so E[X?] = 3 2°ps

Sample mean T = % >k Tk estimates p from sample z1, ..., T,

Variance Var[X] = 02 = E[(X — p)?] = E[X?] — p?

Sample Variance s> = —1- (Z" z2 -1 (Z" z )2) estimates o2
p = n-1 i) n I

Standard Deviation sd(X) = o

If value y is observed with frequency n,

S DITD DT SIS DS S
y k y k Yy

Skewness 81 = E (X_”)3 is estimated by —25 >, (zi_i)3

o s

. x—u\4 . . 1 z,—z\4
Kurtosis 85 = E = £} —3is estimated by = 2on ( &= ) -3
Sample median & or T,eq. Half the sample values are smaller
and half larger. If the sample values z1,...,x, are ordered as
(1) < T(2) < --- <L T(n), then z = T((n+1)/2) if n is odd, and
2= 3(2(n/2) T T((n4+2)/2))
a-quantile Q(a) is such that P(X < Q(«)) = «

Sample a-quantile Q(a) proportion « of the data values are

smaller N
Lower Quartile Q1 = Q(0.25) one quarter are smaller

Upper Quartile Q3 = Q(0.75) three quarters are smaller
Sample median & = Q(0.5) estimates the pop. median Q(0.5)

Discrete Uniform: X ~ Uniform(n)

1
pr=—(@=12,...,n) p=n+1)/2 0> =n>-1)/12
n

Binomial Distribution: X ~ Binomial(n, )

Po = (")91(1 )" (z=1,2,...,n) p=nb, o> =nb(l—6)
x

Poisson Distribution: X ~ Poisson(\)

ATe A

T (z=1,2,...) (with A > 0) p=2x0>=2x

Pax

Geometric Distribution: X ~ Geometric(6)

, 1-0
o? =

1
z—1
Pe=(1-8°"0(=12...) p=3, —

P [Ej Ai:| < iP[Ai]

i=1

Weak Law of Large Numbers is as follows

. 1 &
lim P [|5;X,. —E[X]| > e:| =0

Strong Law of Large Numbers: P{limy,_,oc M, = p] =1

Uniform distribution: X ~ Uniform(a, 8)

’ ) 12

L (a<z<p) 2
ﬂm—{ﬁ—a B -
0 otherwise

Exponential distribution: X ~ Exponential(\)

_ e 0 <z < o0), _ 2 _ 2
f(z)—{o (—oo<z<0)’ p=1/X 0% =1/X

Normal distribution: X ~ N (p, 0?)

e[ 4(52)] o

with the following parameters E[X] = p and Var[X] = o
Standard Normal distribution: X ~ A(0, 1

fl@) =

2

For a device in continuous operation with failure time random vari-
able T having a pdf f(t) given ¢ > 0, then:

The reliability function at time t: R(t) = P(T > t)

The failure rate or hazard function: h(t) = f(t)/R(t)

The cumulative hazard function: H(t) = fot h(to)dto = —In R(t)
The Weibull(a, 8) distribution has H(t) = St“
The mean time to failure: MTTF = E[T] = — [° tR'(t)dt

For a system of k devices, which operate independently, let R; =
P(D;) = P(“device ¢ operates”)

The system reliability, R, is the probability of a path of operating
devices

A system of devices in series operates only if every device operates

R:]P’(DlﬂDgﬂ---ﬂDk):R1R2---Rk
A system of devices in parallel operates if any device operates

R=]P(D1UD2U"'UDk)=1—(1—R1)(1—R2)“'(1—Rk)
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The covariance of X and Y: Cov(X,Y) = E[XY] — E[X]E[Y]
From pairs of observations (z1,y1),...,(Zn,yYn) we have the fol-
lowing relationships

Sey = ) Tkyk — %Zzz D ovi
k i J
1 1
Sea =D wh — ~(3_@)", Syy = vk — ~ (2 vi)’
i k J

k
Sample Covariance: Sz, = Sgy/(n — 1) estimates Cov(X,Y)
Correlation Coeff.: p = Corr(X,Y) = Cov(X,Y)/(sd(X)sd(Y))
Sample correlation coeff.: r = Sgy/1/SzeSyy estimates p

E[-] is a linear operator: E[X + Y] = E[X] + E[Y]

Var[X + Y] = Var[X] 4+ Var[Y] + 2Cov[X, Y]

For 2 random variables J = aX 4+ BY and Z = X + Y
Covl[J, Z] = (ay)Var[X] + (B)Var[Y] + (ad + Bv)Cov[X, Y]

If X ~ N(p1,02),Y ~ N(pa,02), and Cov[X, Y] = ¢, then adding
the RVs yields X +Y ~ N (u1 + p2, 0% + 03 + 2¢)

If ¢ estimates 6 (with random variable T giving t) we have Bias of
t: bias(t) = E[T] — 6

Standard error of ¢: se(t) = sd(T)

MSE of t: MSE(t) = E[(T — 6)?] = (se(t))? + (bias(t))?

If  estimates y, then bias(Z) = 0, se(Z) = o//n, MSE(Z) = ¢2.n,
%(z) = 5/v/n

Central Limit Theorem: If n is fairly large i.e. n > 30, Z is from
N (i, 0% /n) approximately.

If we observe {Y = y}, then the a posteriori probability fo {X = z}
is given by

PY|X(y|90)ﬂ'(33)

P(X=zIY=y)=m

x PY|X(1!|93)7T($)

Our prior has been updated given observations Y. This motives
the maximum a posteriori (MAP).

Xymap(y) = arg max py | x (y|z)m(x) = arg max px |y (z|y)

The likelihood is the joint probability as a function of the unknown
parameter 6. For a random sampe X1, T2, ..., Tn

n
L(O;z1,22,...,Tpn) = H P(X; = x;]|0) (discrete distribution)
i=1
LO0;x1,T2,...,Tn) = H p(x;|0) (continuous distribution)
i=1

The maximum likelihood estimator (MLE) is § for which the like-
lihood is a maximum.

If z1,z2,...,2, are a random sample from N(p,,cr2) and o2 is
known, then the 95% confidence interval for p is (T — 1.96%,1‘; +

1.96%). If o2 is estimated, then from the t-table for t,_1
we find tg = tn_1,0.05. The 95% confidence interval for p is

(:E — toﬁ,i-}-to \;7—1)
Central Limit Theorem: limP(S, < z) = ®(x)

To test the goodness-of-fit of a probability model to a sample of
size n, use the Chi-squared statistic

k 2
2 (0; — Ey)
AP P

If Hy is true, then X2 approximately has a Chi-squared distribu-
tion with k — d — 1 degrees of freedom, where d is the number of
estimated parameters.

One-sample test for the mean, z-test and t-test

_ T —po , _ T—lo
o/vn’ s/\/m
Two-sample test for the mean (equal variances) and g1 — pa =0
T1 — T2 Z1 — T2
z= , T = = =
2 2
O, o, &5 spy/ar tong
ny T ng

where we define the pooled standard deviation as

_ [(n1—1)s? + (n2 —1)s3
- ny +nge —2

Sp

Two-sample test of the mean (unequal variances) with gy — pa =0

5T 2 2
Ty—%2 o [8] s3
—e — + =

SE ni nz

t =

The DoF for above is given by the Welch-Satterwaite Equation:

2 2\ 2
1, %2
n1 ng

Discrete distribution {pzy}, where pyy = P({X = 2} N {Y = y})
The marginal distributions are given as

px(@) =P(X =2) =D poy, py(y) =P(Y =y) = > pay
y x

Then the conditional distribution of X given Y =y is

P(X = 2|Y = y) = pay /Py (y)

To fit the linear regression model y = a + Bz by 9, = & + [3‘3:
from observations (z1,¥1),...,(Tn,Yyn), the least squares fit is
The residual sum of squares: RSS = Sy, — Sﬁy/SIw with 02 =
RSS/(n — 2) where RSS is from x2_,.

One-tailed test: Test statistic: T4, if n1 < ng; Th, if ng < ny;
either rank sum can be used if ny = no

Rejection Region: T > Ty (or Ty < Tr); To < Ty (or
Ty > Ty), where Ty, and Ty are obtained from the tables on the
next page.

Two-tailed test: Test statistic: Ty, if n1 < ng; Ta, if no < ng;
either rank sum can be used if n; = no. We will denote this rank
sum as 7.

Rejection Region: T' < T, (or T > Ty ), where T, and Ty are
obtained from the table on the next page.

One-tailed test: the test statistic is given by

_T1 = 0.5(ninz + ni(m1 + 1))
V1/12(ninz2(n1 + na + 1))

c

Rejection Region: Z. > z, (or Z. < —zq)
Two-tailed test: the test statistic is given by

_ 71 —0.5(nans + ni(m +1))
V1/12(ninz(n1 + na + 1))

@

Rejection Region: |Z.| > z4/2
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One-tailed test: Test statistic: T_ is the negative rank sum (or DTET and CTET Analysis Equations

T4 is the positive rank sum)

Rejection Region: T < Ty (or Ty < Tp), where Ty is obtained > — A oo -

from the tables on the next page. X(w) = Z z[n]e , X(w) = / z(t)e dt
n=—o0 =€

Two-tailed test: Test statistic: 7T, the smallest of T which

is the negative rank sum or Ty is the positive rank sum. DTFT and CTFT Synthesis Equations

Rejection Region: T < Ty, where Ty is obtained from the table - -

on the next page. 1

z[n] =

) 1 [oo )
— X(w)e™"dw, z(t) = —/ X(w)e™tdw
27 J(2x) 27 J_ oo

N 8 i f g (—ip, L .
One-tailed test: the test statistic is given by SR (@) ssekone e pasedl of @ (O (Sofa 5 o2 (0 D)

For the equations, w <> 27 f, wo <> 27w fo, and T = % = 3—70' or
Ty — (n(n + 1)/4) N=7==5

Vi + D@+ 1)
T T e S (157 0 =) - Uncertainty Propagation

For a given function Y = f(x1, 2, ..., ,), uncertainty u; in each
x; propagates to the uncertainty of Y

Two-tailed test: the test statistic is given by

Ty — (n(n+1)/4)
V(n(n +1)(2n + 1))

Rejection Region: |Z.| > z4/2

Non-parametric alternative to one-way ANOVA. Use when you X X .
have 3 or more independent groups. Test Statistic given by: Impedance is comprised of a resistance (R) a real component and
reactance (X) an imaginary component
k 2
12 T
H=——— —+ —3(n+1 Z=R+jX
n(n +1) ; n; ( )
. . ) . Capacitor Impedance: Z = ﬁ = W
where n; is the number of measurements in sample 4; Tj is the rank Inductor Impedance: Z = jwL = j(2rf)L
sum for sample i, where the rank of each measurement is computed
according to its relative magnitude in the totality of data for the
k samples; n is the total sample size i.e. n =ny +ng 4+ -+ + ng.
Rejection Region: H > Xi with k& — 1 degrees of freedom.

Ideal Low-Pass Filter

Vo 1 1
Non-parametric alternative to repeated measures ANOVA. Use v; 14 jwRC’ fe = 2 RC
when yfqu hav}? 3 or more relzfate(t, paired, gr repeated measure—f
ments from the same group of subjects and you want to see i N 8
there is a difference between these conditions or time points. Test [dealyHish:RasshHilte
Statistic given by:
Vo 1 JwRC f R
k — = —F = - y fo= —
12 v 1+ jws 1+ jwRC 2w L
r:mZTf—3b(k+1) "
i=1 Notch Filter
where b is the # of blocks emplo}y;ed in the experiment; k is the # 2 4,2
of treatments; T; is the sum of the ranks for the ith treatment. s “o ,  where s = jw

Rejection Region: F,. > x2 with k — 1 degrees of freedom. 2+ Qs+ wd

DTFES and CTES Analysis Equations
Magnitude Equation: |H (jw)| = 20log,q |H (jw)|

X = 4 Z z[nle”Fwon | X, = l/ z(t)e hwotqy Phase Equation: ZH (jw) = arctan(—wRC)
N ne(N) T Jiry For a stable nth order OL pole we have -20n dB/dec and at fre-
quency w, from 0.1w to 10w, phase changes linearly by -90n.

DTFS and CTFS Synthesis Equations For a stable nth order OL zero we have +20n dB/dec and at fre-

quency w, from 0.1w to 10w, phase changes linearly by +90n.
) o ) If the effects of any p/z coincide with another, sum the effects up.

z[n] = Z Xkelku.)o'n’ z(t) = Z Xkezk:wot
ke(N) k=—o0

Note: (p) represents a period of p (e.g. (—3p, 1p) or (0, p)).

. 0 _2n Nyquist’s Theorem states that to reconstruct a continuous ana-
For the equations, w «» 27f, wo > 2mfo, and T = Fo = wo O log signal z(t) from its sampled version accurately, the sampling
N = % = g—g rate fs must be at least twice the highest frequency present in the

signal fimax-

fs 2 2fmaw

DET Analysis and Synthesis Equations

N—-1 N—-1

1 ) )
Xkl = — —zkwon’ — Xk ikwgn
H = 5 > alnle sl = 3 XIkle
n=0 k=0
Note: (p) represents a period of p (e.g. (—3p, 3p) or (0, p)).
For the equations, w < 27f, wg ¢ 27wfo, and T = % = 32_7(; or

— 1 _ 2r
N_fO_“’O
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1 Cumulative Standardized Normal Distribution
A(z) is the integral of the standardized normal distribution from —oo to z (in other words, the area under the curve to

the left of z). It gives the probability of a normal random variable not being more than z standard deviations above its
mean.

A(2)

~

z 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09

0.0 05000 05040 05080 05120 0.5160  0.5199 05239  0.5279  0.5319  0.5359
0.1 0.5398  0.5438 0.5478 05517  0.5557 0.5596 05636 05675  0.5714  0.5753
02 05793 0.5832 05871 05910 0.5948 05987 0.6026 0.6064 0.6103  0.6141
03 06179 0.6217 06255 0.6293  0.6331 0.6368 0.6406 0.6443  0.6480  0.6517
04 0.6554 0.6591 0.6628 0.6664 0.6700 0.6736  0.6772 0.6808  0.6844  0.6879
0.5 06915 0.6950 06985 0.7019 0.7054 0.7088  0.7123  0.7157  0.7190  0.7224
0.6 07257 07291 07324  0.7357 0.7389  0.7422  0.7454  0.7486  0.7517  0.7549
0.7 07580 0.7611 07642 0.7673  0.7704 0.7734 0.7764 0.7794  0.7823  0.7852
0.8 0.781 07910 07939 0.7967  0.7995 0.8023 0.8051 0.8078 0.8106 0.8133
09 038159 08186 08212 0.8238  0.8264 0.8280  0.8315 0.8340  0.8365  0.8389
1.0 0.8413 0.8438 0.8461 0.8485 0.8508  0.8531 0.8554  0.8577 0.8599  0.8621
1.1 0.8643  0.8665 0.8686 0.8708 0.8729  0.8749 0.8770 0.8790  0.8810  0.8830
12 0.8849 0.8869 0.8888  0.8907 0.8925 0.8944 0.8962 0.8980  0.8997  0.9015
1.3 09032 09049 09066 09082 0.9099 09115 09131 09147 09162 09177
1.4 09192 09207 09222 09236 0.9251 09265 09279 09292 0.9306 0.9319
1.5 09332 09345 09357 09370 0.9382 09394 09406 0.9418 0.9429  0.9441
1.6 09452 09463 09474 09484 0.9495 09505 09515 0.9525 0.9535 0.9545
1.7 09554 09564 09573 09582  0.9591 09599 09608 0.9616 0.9625 0.9633
1.8 09641 09649 09656 09664 0.9671 09678 09686 0.9693  0.9699  0.9706
1.9 09713 09719 09726 09732 0.9738 09744 09750 0.9756 0.9761 0.9767
20 09772 09778 09783 09788  0.9793 09798 09803 0.9808 0.9812  0.9817
2.1 0.9821 0.9826 09830 09834 0.9838 09842 09846 09850 0.9854  0.9857
22 09861 09864 09868 09871 0.9875 09878 09881 0.9884  0.9887  0.9890
23 095893 09896 09898 0991 0.9904 09906 09909 0.9911 0.9913  0.9916
24 09918 09920 09922 09925  0.9927 09929 09931 0.9932  0.9934  0.9936
25 09938 09940 09941 09943  0.9945 09946 09948  0.9949  0.9951 0.9952
26 09953 09955 09956 09957 0.9959 09960 09961 0.9962  0.9963  0.9964
27 09965 09966 09967 09968  0.9969 09970 09971  0.9972  0.9973  0.9974
28 09974 09975 09976 09977  0.9977 09978 09979  0.9979  0.9980  0.9981
29 09981 09982 09982 09983  0.9984 09984 09985 0.9985 0.9986  0.9986
3.0 09987 0.9987 09987 09988  0.9988  0.9989  0.9989  0.9989  0.9990  0.9990
3.1 09990  0.9991 09991 09991  0.9992  0.9992 09992 09992 0.9993  0.9993
32 09993  0.9993 09994 09994 0.9994  0.9994 09994 09995 0.9995  0.9995
33 09995  0.9995 09995 09996  0.9996  0.9996 0.9996 09996  0.9996  0.9997
34 09997  0.9997 09997 09997  0.9997  0.9997  0.9997  0.9997  0.9997  0.9998
3.5 09998  0.9998 09998 09998  0.9998  0.9998  0.9998  0.9998  0.9998  0.9998
3.6 09998  0.9998  0.9999




Degrees of
freedom

o)
=R - -Rs B 7 I NP

11
12
13
14
15

16
17
18
19
20

21
22
23
24
25

26
27
28
29
30

32
34
36
38
40

42

46
48
50

60
70
80
90
100

120
150
200
300
400

500
600
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2 ¢t Distribution: Critical Values of ¢

Two-tailed test:
One-tailed test:

10%
5%

6.314
2.920
2.353
2,132
2.015

1.943
1.894
1.860
1.833
1.812

1.796
1.782
1.771
1.761
1.753

1.746
1.740
1.734
1.729
1.725

1.721
1.717
1.714
1.711
1.708

1.706
1.703
1.701
1.699
1.697

1.694
1.691
1.688
1.686
1.684

1.682
1.680
1.679
1.677
1.676

1.671
1.667
1.664
1.662
1.660

1.658
1.655
1.653
1.650
1.649

1.648
1.647

1.645

5%
2.5%

12.706
4.303
3.182
2.776
2.571

2.447
2.365
2.306
2.262
2228

2.201
2.179
2.160
2.145
2.131

2.120
2.110
2.101
2.093
2.086

2.080
2.074
2.069
2.064
2.060

2.056
2.052
2.048
2.045
2.042

2.037
2.032
2.028
2.024
2.021

2.018
2.015
2.013
2.011
2.009

2.000
1.994
1.990
1.987
1.984

1.980
1.976
1.972
1.968
1.966

1.965
1.964

1.960

Significance level
2% 1%
1% 0.5%
31.821 63.657
6.965 9.925
4541 5.841
3.747 4.604
3.365 4.032
3.143 3.707
2.998 3.499
2.896 3.355
2.821 3.250
2.764 3.169
2.718 3.106
2.681 3.055
2.650 3.012
2.624 2.977
2.602 2.947
2.583 2.921
2.567 2.898
2.552 2.878
2.539 2.861
2.528 2.845
2518 2.831
2.508 2.819
2.500 2.807
2.492 2.797
2.485 2.787
2.479 2.779
2473 2771
2.467 2.763
2.462 2.756
2457 2.750
2.449 2.738
2.441 2.728
2434 2.719
2.429 2.712
2423 2.704
2418 2.698
2414 2.692
2410 2.687
2.407 2.682
2.403 2.678
2.390 2.660
2.381 2.648
2.374 2.639
2368 2.632
2.364 2.626
2.358 2.617
2.351 2.609
2.345 2.601
2.339 2.592
2.336 2.588
2.334 2.586
2.333 2.584
2326 2.576

0.2%
0.1%

318.309
22.327
10.215

7.173
5.893

5.208
4.785
4.501
4297
4.144

4.025
3.930
3.852
3.787
3.733

3.686
3.646
3.610
3.579
3.552

3.527
3.505
3.485
3.467
3.450

3.435
3421
3.408
3.396
3.385

3.365
3.348
3.333
3319
3.307

3.296
3.286
3.277
3.269
3.261

3.232
3.211
3.195
3.183
3.174

3.160
3.145
3.131
3.118
3.111

3.107
3.104

3.090

0.1%
0.05%

636.619
31.599
12.924

8.610
6.869

5.959
5.408
5.041
4.781
4.587

4.437
4318
4221
4.140
4.073

4.015
3.965
3.922
3.883
3.850

3.819
3.792
3.768
3.745
3.725

3.707
3.690
3.674
3.659
3.646

3.622
3.601
3.582
3.566
3.551

3.538
3.526
3.515
3.505
3.496

3.460
3.435
3.416
3.402
3.390

3.373
3.357
3.340
3.323
3.315

3.310
3.307

3.291
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3 F Distribution: Critical Values of F' (5% significance level)

12} 1 2 3 4 5 6 7 8 9 10 12 14 16 18 20
V2

1 161.45 199.50 215.71 224.58 230.16 233.99 236.77 238.88 240.54 241.88 243.91 245.36 246.46 247.32 248.01

2 18.51 19.00 19.16 19.25 19.30 1933 19.35 1937 1938 1940 19.41 1942 1943 1944 1945

3 1013 955 928 9.12 901 894 889 885 88l 879 874 871 B8.69 B.67 B.66

4 771 694 6.59 639 626 616 609 604 600 596 591 587 584 582 580

5 6.61 579 541 519 505 495 488 482 477 474 468 464 460 458 4.56
6
7
8

599 514 476 453 439 428 421 415 410 406 400 39 392 390 387

559 474 435 412 397 387 379 373 368 364 357 353 349 347 344

532 446 407 384 369 358 350 344 339 335 328 324 320 317 3.15

9 512 426 386 3.63 348 337 320 323 3.18 314 3.07 3.03 299 296 294
10 496 410 3.71 348 333 322 314 307 3.02 298 291 286 283 280 2.77

11 484 398 359 336 320 3.09 3.01 295 290 285 279 274 270 267 2.65
12 475 389 349 326 311 300 291 285 280 275 269 264 260 257 254
13 467 381 341 318 303 292 283 277 271 267 260 255 251 248 246
14 460 374 334 311 296 285 276 270 265 260 253 248 244 241 239
15 454 368 329 306 29 279 271 264 259 254 248 242 238 235 233

16 449 363 324 301 285 274 266 259 254 249 242 237 233 230 228
17 445 359 320 296 281 270 261 255 249 245 238 233 2290 226 223
18 441 355 316 293 277 266 258 251 246 241 234 229 225 222 219
19 438 352 313 290 274 263 254 248 242 238 231 226 221 218 2.16
20 435 349 310 287 271 260 251 245 239 235 228 222 218 215 212

21 432 347 3.07 284 268 257 249 242 237 232 225 220 216 212 210
22 430 344 305 282 266 255 246 240 234 230 223 217 213 210 207
23 428 342 303 280 264 253 244 237 232 227 220 215 211 208 2.05
24 426 340 301 278 262 251 242 236 230 225 218 213 209 205 2.03
25 424 339 299 276 260 249 240 234 228 224 216 211 207 204 201

26 422 337 298 274 259 247 239 232 227 222 215 209 205 202 199
27 421 335 296 273 257 246 237 231 225 220 213 208 204 200 197
28 420 334 295 271 256 245 236 229 224 219 212 206 202 199 196
29 418 333 293 270 255 243 235 228 222 218 210 205 201 197 194
30 417 332 292 269 253 242 233 227 221 216 209 204 199 19 193

35 412 327 287 264 249 237 229 222 216 211 204 199 194 191 188
40 408 323 284 261 245 234 225 218 212 208 200 195 190 187 184
50 403 318 279 256 240 229 220 213 207 203 195 189 185 181 1.78
60 400 315 276 253 237 225 217 210 204 199 192 186 182 178 1.75
70 398 313 274 250 235 223 214 207 202 197 189 184 L79 175 1.72

80 39 311 272 249 233 221 213 206 200 195 188 182 177 173 170
90 395 310 271 247 232 220 211 204 199 194 186 180 176 172 169
100 394 309 270 246 231 219 210 203 197 193 185 179 175 171 168
120 392 307 268 245 229 218 209 202 19 191 183 178 173 169 1.66
150 390 3.06 266 243 227 216 207 200 19 18 182 176 171 167 164

200 389 304 265 242 226 214 206 198 193 188 180 1.74 169 1.66 1.62
250 388 303 264 241 225 213 205 198 192 187 179 173 168 165 1.6l
300 387 3.03 263 240 224 213 204 197 191 18 1.78 1.72 168 164 1.61
400 386 3.02 263 239 224 212 203 19 19 185 178 1.72 167 163 1.60
500 386 301 262 239 223 212 203 19 19 185 177 171 166 162 1.59

600 386 3.01 262 239 223 211 202 195 19 185 177 171 166 162 159
750 385 3.01 262 238 223 211 202 195 18 184 177 170 166 162 158
1000 385 3.00 261 238 222 211 202 195 18 184 176 170 165 161 1.58
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F Distribution: Critical Values of F' (5% significance level) continued

vi 25 30 35 40 50 60 75 100 150 200
Vs

1 249.26 250.10 250.69 251.14 251.77 252.20 252.62 253.04 253.46 253.68

2 1946 1946 1947 1947 1948 19.48 1948 1949 1949 1949

3 863 862 860 859 858 857 856 855 854 854

4 577 575 573 572 570 569 568 566 565 5.65

5 452 450 448 446 444 443 442 441 439 439
6
7
8

383 381 379 377 375 374 373 371 370 3.69
340 338 336 334 332 330 329 327 326 325
311 3.08 3.06 3.04 302 301 299 297 29 295
9 289 286 284 283 280 279 277 276 274 273
10 273 270 2.68 266 264 262 260 259 257 256

11 260 257 255 253 251 249 247 246 244 243
12 250 247 244 243 240 238 237 235 233 232
13 241 238 236 234 231 230 228 226 224 223
14 234 231 228 227 224 222 221 219 217 216
15 228 225 222 220 218 216 214 212 210 2.10

16 223 219 217 2.15 212 211 209 207 205 204
17 218 215 212 210 208 206 204 202 200 199
18 214 211 2.08 206 204 202 200 198 196 195
19 211 207 205 203 200 198 196 194 192 191
20 207 204 201 199 197 195 193 191 189 188

21 205 201 198 19 194 192 190 188 186 1.84
22 202 198 19 194 191 189 1.87 185 1.83 182
23 200 19 193 191 188 18 184 182 180 1.79
24 197 194 191 189 186 1.84 1.82 180 178 177
25 19 192 189 187 184 182 180 178 176 175

26 194 190 187 185 182 180 178 176 174 173
27 192 188 186 184 181 179 176 174 172 1.71
28 191 187 184 182 179 177 L175 173 170 1.69
29 189 185 183 181 177 175 173 171 169 1.67
30 1.8 184 181 179 176 1.74 172 170 1.67 1.66

35 182 179 176 174 170 1.68 1.66 163 1.61 1.60
40 178 174 172 169 166 164 161 159 156 1.55
50 173 169 166 163 160 158 155 152 150 1.48
60 1.69 165 162 159 156 153 151 148 145 144
70 166 162 159 157 153 150 148 145 142 140

80 164 160 157 154 151 148 145 143 139 1.38
90 163 159 155 153 149 146 144 141 138 136
100 162 157 154 152 148 145 142 139 136 134
120 160 155 152 150 146 143 140 137 133 132
150 158 154 150 148 144 141 138 134 131 129

200 156 152 148 146 141 139 135 132 128 126
250 155 150 147 144 140 137 134 131 127 125
300 154 150 146 143 139 136 133 130 126 1.23
400 153 149 145 142 138 135 132 128 124 122
500 153 148 145 142 138 135 131 128 123 121

600 152 148 144 141 137 134 131 127 123 120
750 152 147 144 141 137 134 130 126 122 1.20
1000 152 147 143 141 136 133 130 126 122 1.19
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4 x? (Chi-Squared) Distribution: Critical Values of 2

Values Xip of x for which P(X > z) = p, when X is x7 and p = 0.995, p = 0.975, etc.

k995 975 .05 .025 .01 .005 k 995 975 .05 .025 .005
1 .000 .001 38 502 663 7.88 | 18 6.26 8.23 28.87 3153 3481 37.16
2 010 .051 599 738 921 1060 | 20 7.43 959 3142 34.17 37.57 40.00
3 .072 216 7.81 935 11.34 1284 | 22 8.64 10.98 33.92 36.78 40.29 42.80
4 207 .484 9.49 11.14 1328 1486 | 24 9.89 1240 36.42 39.36 4298 4556
5 412 831 11.07 1283 15.09 16.75| 26 11.16 13.84 38.89 41.92 45.64 48.29
6 .676 1.24 1259 1445 16.81 1855 | 28 1246 15.31 41.34 44.46 48.28 50.99
7 990 1.69 14.07 16.01 18.48 20.28 | 30 13.79 16.79 43.77 46.98 50.89 53.67
8 134 218 1551 1753 20.09 2195 | 40 20.71 2443 55.76 59.34 63.69 66.77
9 173 270 1692 19.02 21.67 2359 | 50 27.99 3236 6750 71.41 76.15 79.49
10 2.16 3.25 13.31 20.48 23.21 2519 | 60 3553 40.48 79.08 83.30 88.38 91.95
12 3.07 440 21.03 2334 26.22 2830 | 70 43.28 48.76 90.53 95.02 100.4 104.2
14 4.07 5.63 2368 26.12 29.14 3132 | 80 51.17 57.15 101.9 106.6 1123 116.3
16 5.14 6.91 26.30 28.85 32.00 34.27 | 100 67.33 74.22 1243 129.6 135.8 140.2
5 Wilcoxon Rank Sum Test Critical Values (2.5%)
N4

n, 4 5 6 7 9 10

T Ty T Tu T Tu T Ty T Tu T Ty T Ty T Ty
3 5 16 6 18 6 21 7 23 72 8 28 8 31 9 33
4 6 18 11 25 12 28 12 32 13 35 14 38 15 41 16 44
5 6 21 12 28 18 37 19 41 20 45 21 49 22 53 24 56
6 7 23 12 32 19 41 26 52 28 56 29 61 31 65 32 70
7 7 26 | 13 35 | 20 45 | 28 56 | 37 68 | 39 73 | 41 78 | 43 83
8 8 28 | 14 38 | 21 49 | 29 61 | 39 73 | 49 87 | 5l 93 | 54 98
9 8 31 15 41 22 53 31 65 41 78 51 93 63 108 66 114
10 9 33 16 44 24 56 32 70 43 83 54 98 66 114 79 131
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6 Wilcoxon Signed Rank Test Critical Values (2.5%)

One-Tailed Two-Tailed n=5 n==6 n=7 n=28 n=29 n=10

a= .05 a=.10 4 6 8 11
a = .025 a = .05 1 2 4 6 8
a = .01 a = .02 0 2 3
a = .005 a = .01 0 2

a = .05 a = .10 14 17 21 26 30 36

a = .025 a = .05 11 14 17 21 25 30

a = .01 a = .02 7 10 13 16 20 24

a = .005 a =01 5 7 10 13 16 19
n=17 n=18 n=19 n=20 n=21 n=22

a = .05 a = .10 41 47 54 60 68 75

a = .025 a = .05 35 40 46 52 59 66

a =01 a = .02 28 33 38 43 49 56

a = .005 a = .01 23 28 32 37 43 49
n=23 n=24 n=25 n=26 n=27 n=28

a = .05 a=.10 83 92 101 110 120 130

a = .025 a = .05 73 81 90 98 107 117

a = .01 a = .02 62 69 77 85 93 102

a = .005 a = .01 55 61 68 76 84 92
n=29 n=30 n=31 n=32 n=33 n=234

a = .05 a = .10 141 152 163 175 188 201

a = .025 a = .05 127 137 148 159 171 183

a = .01 a = .02 111 120 130 141 151 162

a = 005 a= .01 100 109 118 128 138 149
n=3 n=3 n=37 n=38 n=239

a= .05 a = .10 214 228 242 256 271

a = .025 a = .05 195 208 222 235 250

a =01 a = .02 174 186 198 211 224

a = 005 a = .01 160 171 183 195 208
n=40 n=41 n=42 n=43 n=44 n=145

a = .05 a=.10 287 303 319 336 353 371

a = 025 a = .05 264 279 295 311 327 344

a = .01 a=.02 238 252 267 281 297 313

a = .005 a = .01 221 234 248 262 277 292
n=46 n=47 n=48 n=49 n=50

a = .05 a = .10 389 408 427 446 466

a = .025 a=.05 361 379 397 415 434

a = .01 a = .02 329 345 362 380 398

a = .005 a = .01 307 323 339 356 373
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