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Probabilities for Events

Komolgorov’s Axioms of Probabilities:
1. P(A) ≥ 0 ∀A ⊆ Ω
2. P(Ω) = 1
3. P(A1 ∪ A2 ∪ . . . ) = P(A1) + P(A2) + . . .

For events A,B, and C : P(A ∪ B) = P(A) + P(B) − P(A ∩ B)
More generally, we have the inclusion-exclusion principle:

P
(

n⋃
i=1

Ai

)
=
∑

P(Ai)−
∑
i<j

P(Ai∩Aj)+
∑

i<j<k

P(Ai∩Aj∩Ak)−· · ·

The odds in favour of A: P(A)/P(A) where P(A) = 1 − P(A)

Conditional probability: P(A|B) =
P(A∩B)
P(B)

provided P(B) > 0.

Chain Rule or Product Rule:

P
(

n⋂
i=1

Ai

)
= P(A1)P(A2|A1)P(A3|A1∩A2) · · · P(An|A1∩· · ·∩An−1)

Bayes’ Rule:

P(A|B) =
P(A)P(B|A)

P(A)P(B|A) + P(A)P(B|A)

Law of Total Probability: P(B) =
∑

i P(Ai)P(B|Ai)

A and B are independent ⇐⇒ P(B|A) = P(B)

A, B, and C are independent ⇐⇒ P(A∩B∩C) = P(A)P(B)P(C),

P(A∩B) = P(A)P(B), P(B∩C) = P(B)P(C), P(C∩A) = P(C)P(A)

Distributions, Expectation, and Variance

The probability distribution for a discrete random variable X is

called the probability mass function (pmf) and is the complete set

of probabilities {px} = {P(X = x)}
The expected Value is E[X] = µ =

∑
x xpx

For function g(x) of x, E[g(X)] =
∑

x g(x)px, so E[X2] =
∑

x x2px

Sample mean x = 1
n

∑
k xk estimates µ from sample x1, . . . , xn

Variance Var[X] = σ2 = E[(X − µ)2] = E[X2] − µ2

Sample Variance s2 = 1
n−1

(∑n
j x2

j − 1
n

(∑n
j xj

)2
)

estimates σ2

Standard Deviation sd(X) = σ
If value y is observed with frequency ny

n =
∑
y

ny,
∑
k

xk =
∑
y

yny,
∑
k

x
2
k =

∑
y

y
2
ny

Skewness β1 = E
(

X−µ
σ

)3
is estimated by 1

n−1

∑
i

(
xi−x̄

s

)3

Kurtosis β2 = E
(

X−µ
σ

)4
−3 is estimated by 1

n−1

∑
i

(
xi−x̄

s

)4
−3

Sample median x̃ or xmed. Half the sample values are smaller

and half larger. If the sample values x1, . . . , xn are ordered as
x(1) ≤ x(2) ≤ · · · ≤ x(n), then x̃ = x((n+1)/2) if n is odd, and

x̃ = 1
2 (x(n/2) + x((n+2)/2))

α-quantile Q(α) is such that P(X ≤ Q(α)) = α

Sample α-quantile Q̂(α) proportion α of the data values are

smaller
Lower Quartile Q1 = Q̂(0.25) one quarter are smaller

Upper Quartile Q3 = Q̂(0.75) three quarters are smaller

Sample median x̃ = Q̂(0.5) estimates the pop. median Q(0.5)

Discrete Probability Distributions

Discrete Uniform: X ∼ Uniform(n)

px =
1

n
(x = 1, 2, . . . , n) µ = (n + 1)/2, σ

2
= (n

2 − 1)/12

Binomial Distribution: X ∼ Binomial(n, θ)

px =
(n
x

)
θ
x
(1 − θ)

n−x
(x = 1, 2, . . . , n) µ = nθ, σ

2
= nθ(1 − θ)

Poisson Distribution: X ∼ Poisson(λ)

px =
λxe−λ

x!
(x = 1, 2, . . . ) (with λ > 0) µ = λ, σ

2
= λ

Geometric Distribution: X ∼ Geometric(θ)

px = (1 − θ)
x−1

θ (x = 1, 2, . . . ) µ =
1

θ
, σ

2
=

1 − θ

θ2

Continuous Random Variables

The cum. distr. fn. (cdf): F (x) = P(X ≤ x) =
∫ x
x0=∞ f(x0)dx0

The probability density fn. (pdf): f(x) = dF (x)/dx

E[X] = µ =

∫ ∞

−∞
xf(x)dx, Var[X] = σ

2
= E[X2

] − µ
2

where E[X2] =
∫∞
−∞ x2f(x)dx

Permutations and Combinations

Permutation with repetition: nr

Permutation with no repetition: nPr = n!
(n−r)!

Combination with repetition:
(n+r−1)!
r!(n−1)!

Combination with no repetition:
(n
r

)
= n!

r!(n−r)!

Counting ways to partition n objects into ni groups

( n

n1, n2 . . . nk

)
=

n!

n1!n2! . . . nk!

Bounds

Markov Inequality: P[X ≥ a] ≤ E[X]/a

Chebyshev’s Inequality: P(|X − µ| ≥ c) ≤ σ2/c2

Chernoff Bound: P[X ≥ a] ≤ E[esx]/esa, s > 0

Jensen’s Inequality: f(E[x]) ≤ E[f(x)], f is convex, f”(x) > 0

Union Bound

P
[ ∞⋃
i=1

Ai

]
≤

∞∑
i=1

P[Ai]

Weak Law of Large Numbers is as follows

lim
n→∞

P
[
|
1

n

n∑
i=1

Xi − E[X]| ≥ ϵ

]
= 0

Strong Law of Large Numbers: P[limn→∞ Mn = µ] = 1

Continuous Probability Distributions

Uniform distribution: X ∼ Uniform(α, β)

f(x) =


1

β − α
(α < x < β),

0 otherwise

, µ =
α + β

2
, σ

2
=

(β − α)2

12

Exponential distribution: X ∼ Exponential(λ)

f(x) =

{
λe

−λx
(0 < x < ∞),

0 (−∞ < x ≤ 0)
, µ = 1/λ, σ

2
= 1/λ

2

Normal distribution: X ∼ N (µ, σ2)

f(x) =
1

√
2πσ2

exp

[
−

1

2

(
x − µ

σ

)2]
, (−∞ < x < ∞)

with the following parameters E[X] = µ and Var[X] = σ2

Standard Normal distribution: X ∼ N (0, 1)

Reliability

For a device in continuous operation with failure time random vari-
able T having a pdf f(t) given t > 0, then:
The reliability function at time t: R(t) = P(T > t)

The failure rate or hazard function: h(t) = f(t)/R(t)

The cumulative hazard function: H(t) =
∫ t
0
h(t0)dt0 = − lnR(t)

The Weibull(α, β) distribution has H(t) = βtα

The mean time to failure: MTTF = E[T ] = −
∫∞
0

tR′(t)dt

System Reliability

For a system of k devices, which operate independently, let Ri =
P(Di) = P(“device i operates”)
The system reliability, R, is the probability of a path of operating

devices
A system of devices in series operates only if every device operates

R = P(D1 ∩ D2 ∩ · · · ∩ Dk) = R1R2 · · ·Rk

A system of devices in parallel operates if any device operates

R = P(D1 ∪ D2 ∪ · · · ∪ Dk) = 1 − (1 − R1)(1 − R2) · · · (1 − Rk)
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Covariance and Correlation

The covariance of X and Y : Cov(X,Y ) = E[XY ] − E[X]E[Y ]
From pairs of observations (x1, y1), . . . , (xn, yn) we have the fol-
lowing relationships

Sxy =
∑
k

xkyk −
1

n

∑
i

xi

∑
j

yj

Sxx =
∑
k

x
2
k −

1

n
(
∑
i

xi)
2
, Syy =

∑
k

y
2
k −

1

n
(
∑
j

yj)
2

Sample Covariance: sxy = Sxy/(n − 1) estimates Cov(X,Y )

Correlation Coeff.: ρ = Corr(X,Y ) = Cov(X,Y )/(sd(X)sd(Y ))

Sample correlation coeff.: r = Sxy/
√

SxxSyy estimates ρ

Sums of Random Variables

E[·] is a linear operator: E[X + Y ] = E[X] + E[Y ]

Var[X + Y ] = Var[X] + Var[Y ] + 2Cov[X,Y ]
For 2 random variables J = αX + βY and Z = γX + δY
Cov[J, Z] = (αγ)Var[X] + (βδ)Var[Y ] + (αδ + βγ)Cov[X,Y ]

If X ∼ N (µ1, σ
2
1), Y ∼ N (µ2, σ

2
2), and Cov[X,Y ] = c, then adding

the RVs yields X + Y ∼ N (µ1 + µ2, σ
2
1 + σ2

2 + 2c)

Bias, Standard Error, and MSE

If t estimates θ (with random variable T giving t) we have Bias of
t: bias(t) = E[T ] − θ
Standard error of t: se(t) = sd(T )

MSE of t: MSE(t) = E[(T − θ)2] = (se(t))2 + (bias(t))2

If x̄ estimates µ, then bias(x̄) = 0, se(x̄) = σ/
√
n, MSE(x̄) = σ2.n,

ŝe(x̄) = s/
√
n

Central Limit Theorem: If n is fairly large i.e. n ≥ 30, x̄ is from

N (µ, σ2/n) approximately.

Likelihood

If we observe {Y = y}, then the a posteriori probability fo {X = x}
is given by

P(X = x|Y = y) =
pY |X(y|x)π(x)∑
x̃ pY |X(y|x̃)π(x̃)

∝ pY |X(y|x)π(x)

Our prior has been updated given observations Y . This motives
the maximum a posteriori (MAP).

X̂MAP(y) = argmax
x

pY |X(y|x)π(x) = argmax pX|Y (x|y)

The likelihood is the joint probability as a function of the unknown
parameter θ. For a random sampe x1, x2, . . . , xn

ℓ(θ; x1, x2, . . . , xn) =

n∏
i=1

P(Xi = xi|θ) (discrete distribution)

ℓ(θ; x1, x2, . . . , xn) =

n∏
i=1

p(xi|θ) (continuous distribution)

The maximum likelihood estimator (MLE) is θ̂ for which the like-
lihood is a maximum.

Confidence Intervals

If x1, x2, . . . , xn are a random sample from N (µ, σ2) and σ2 is
known, then the 95% confidence interval for µ is (x̄− 1.96 σ√

n
, x̄+

1.96 σ√
n
). If σ2 is estimated, then from the t-table for tn−1

we find t0 = tn−1,0.05. The 95% confidence interval for µ is
(x̄ − t0

s√
n
, x̄ + t0

s√
n
)

Central Limit Theorem: lim P(Ŝn ≤ x) = Φ(x)

The Chi-Squared GOF Test

To test the goodness-of-fit of a probability model to a sample of
size n, use the Chi-squared statistic

χ
2
=

k∑
i=1

(Oi − Ei)
2

Ei

If H0 is true, then χ2 approximately has a Chi-squared distribu-
tion with k − d − 1 degrees of freedom, where d is the number of
estimated parameters.

Hypothesis Testing

One-sample test for the mean, z-test and t-test

z =
x̄ − µ0

σ/
√
n

, t =
x̄ − µ0

s/
√
n

Two-sample test for the mean (equal variances) and µ1 − µ2 = 0

z =
x̄1 − x̄2√
σ2
1

n1
+

σ2
2

n2

, t =
x̄1 − x̄2

sp
√

1
n1

+ 1
n2

where we define the pooled standard deviation as

sp =

√
(n1 − 1)s21 + (n2 − 1)s22

n1 + n2 − 2

Two-sample test of the mean (unequal variances) with µ1 − µ2 = 0

t =
x̄1 − x̄2

SE
, SE =

√
s21
n1

+
s22
n2

The DoF for above is given by the Welch-Satterwaite Equation:

ν =

(
s21
n1

+
s22
n2

)2

(
s21
n1

)2

n1−1 +

(
s22
n2

)2

n2−1

Joint Probability Distributions

Discrete distribution {pxy}, where pxy = P({X = x} ∩ {Y = y})
The marginal distributions are given as

pX(x) = P(X = x) =
∑
y

pxy, pY (y) = P(Y = y) =
∑
x

pxy

Then the conditional distribution of X given Y = y is

P(X = x|Y = y) = pxy/pY (y)

Linear Regression

To fit the linear regression model y = α + βx by ŷx = α̂ + β̂x

from observations (x1, y1), . . . , (xn, yn), the least squares fit is

α̂ = ȳ − x̄β̂, β̂ = Sxy/Sxx.

The residual sum of squares: RSS = Syy − S2
xy/Sxx with σ̂2 =

RSS/(n − 2) where RSS is from χ2
n−2.

Wilcoxon Rank Sum Test

One-tailed test: Test statistic: T1, if n1 < n2; T2, if n2 < n1;
either rank sum can be used if n1 = n2
Rejection Region: T1 ≥ TU (or T1 ≤ TL); T2 ≤ TU (or
T2 ≥ TU ), where TL and TU are obtained from the tables on the
next page.

Two-tailed test: Test statistic: T1, if n1 < n2; T2, if n2 < n1;
either rank sum can be used if n1 = n2. We will denote this rank
sum as T .
Rejection Region: T ≤ TL (or T ≥ TU ), where TL and TU are
obtained from the table on the next page.

Wilcoxon Rank Sum Test (n1 ≥ 10 and n2 ≥ 10)

One-tailed test: the test statistic is given by

Zc =
T1 − 0.5(n1n2 + n1(n1 + 1))√

1/12(n1n2(n1 + n2 + 1))

Rejection Region: Zc > zα (or Zc < −zα)

Two-tailed test: the test statistic is given by

Zc =
T1 − 0.5(n1n2 + n1(n1 + 1))√

1/12(n1n2(n1 + n2 + 1))

Rejection Region: |Zc| > zα/2
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Wilcoxon Signed Ranks Test

One-tailed test: Test statistic: T− is the negative rank sum (or
T+ is the positive rank sum)
Rejection Region: T− ≤ T0 (or T+ ≤ T0), where T0 is obtained
from the tables on the next page.

Two-tailed test: Test statistic: T , the smallest of T− which
is the negative rank sum or T+ is the positive rank sum.
Rejection Region: T ≤ T0, where T0 is obtained from the table
on the next page.

Wilcoxon Signed Ranks Test n ≥ 25

One-tailed test: the test statistic is given by

Zc =
T+ − (n(n + 1)/4)√
(n(n + 1)(2n + 1))

Rejection Region: Zc > zα (or Zc < −zα)

Two-tailed test: the test statistic is given by

Zc =
T+ − (n(n + 1)/4)√
(n(n + 1)(2n + 1))

Rejection Region: |Zc| > zα/2

Kruskal-Wallis H Test

Non-parametric alternative to one-way ANOVA. Use when you
have 3 or more independent groups. Test Statistic given by:

H =
12

n(n + 1)

k∑
i=1

T 2
i

ni

− 3(n + 1)

where ni is the number of measurements in sample i; Ti is the rank
sum for sample i, where the rank of each measurement is computed
according to its relative magnitude in the totality of data for the
k samples; n is the total sample size i.e. n = n1 + n2 + · · · + nk.
Rejection Region: H > χ2

α with k − 1 degrees of freedom.

Friedman Test

Non-parametric alternative to repeated measures ANOVA. Use
when you have 3 or more related, paired, or repeated measure-
ments from the same group of subjects and you want to see if
there is a difference between these conditions or time points. Test
Statistic given by:

Fr =
12

bk(k + 1)

k∑
i=1

T
2
i − 3b(k + 1)

where b is the # of blocks employed in the experiment; k is the #
of treatments; Ti is the sum of the ranks for the ith treatment.
Rejection Region: Fr > χ2

α with k − 1 degrees of freedom.

CT and DT Fourier Series

DTFS and CTFS Analysis Equations

Xk =
1

N

∑
n∈⟨N⟩

x[n]e
−ikω0n

, Xk =
1

T

∫
⟨T⟩

x(t)e
−ikω0t

dt

DTFS and CTFS Synthesis Equations

x[n] =
∑

k∈⟨N⟩

Xke
ikω0n

, x(t) =
∞∑

k=−∞
Xke

ikω0t

Note: ⟨p⟩ represents a period of p (e.g. (− 1
2p,

1
2p) or (0, p)).

For the equations, ω ↔ 2πf , ω0 ↔ 2πf0, and T = 1
f0

= 2π
ω0

or

N = 1
f0

= 2π
ω0

Discrete Fourier Transform Equations

DFT Analysis and Synthesis Equations

X[k] =
1

N

N−1∑
n=0

x[n]e
−ikω0n

, x[n] =

N−1∑
k=0

X[k]e
ikω0n

Note: ⟨p⟩ represents a period of p (e.g. (− 1
2p,

1
2p) or (0, p)).

For the equations, ω ↔ 2πf , ω0 ↔ 2πf0, and T = 1
f0

= 2π
ω0

or

N = 1
f0

= 2π
ω0

DTFT and CTFT Equations

DTFT and CTFT Analysis Equations

X(ω) =
∞∑

n=−∞
x[n]e

−iωn
, X(ω) =

∫ ∞

−∞
x(t)e

−iωt
dt

DTFT and CTFT Synthesis Equations

x[n] =
1

2π

∫
⟨2π⟩

X(ω)e
iωn

dω, x(t) =
1

2π

∫ ∞

−∞
X(ω)e

iωt
dω

Note: ⟨p⟩ represents a period of p (e.g. (− 1
2p,

1
2p) or (0, p)).

For the equations, ω ↔ 2πf , ω0 ↔ 2πf0, and T = 1
f0

= 2π
ω0

or

N = 1
f0

= 2π
ω0

Uncertainty Propagation

For a given function Y = f(x1, x2, . . . , xn), uncertainty ui in each
xi propagates to the uncertainty of Y

uY =

√√√√ n∑
i=1

(
∂f

∂xi

ui

)2

Impedance

Impedance is comprised of a resistance (R) a real component and
reactance (X) an imaginary component

Z = R + jX

Capacitor Impedance: Z = 1
jωC = 1

j(2πf)C

Inductor Impedance: Z = jωL = j(2πf)L

Filters

Ideal Low-Pass Filter

vo

vi
=

1

1 + jωRC
, fc =

1

2πRC

Ideal High-Pass Filter

v0

vi
=

1

1 + jω L
R

=
jωRC

1 + jωRC
, fc =

R

2πL

Notch Filter

s2 + ω2
0

s2 + Q−1s + ω2
0

, where s = jω

Bode Plots

Magnitude Equation: |H(jω)| = 20 log10 |H(jω)|
Phase Equation: ∠H(jω) = arctan(−ωRC)

For a stable nth order OL pole we have -20n dB/dec and at fre-

quency ω, from 0.1ω to 10ω, phase changes linearly by -90n.
For a stable nth order OL zero we have +20n dB/dec and at fre-
quency ω, from 0.1ω to 10ω, phase changes linearly by +90n.
If the effects of any p/z coincide with another, sum the effects up.

Nyquist Sampling Theorem

Nyquist’s Theorem states that to reconstruct a continuous ana-
log signal x(t) from its sampled version accurately, the sampling
rate fs must be at least twice the highest frequency present in the
signal fmax.

fs ≥ 2fmax
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1 Cumulative Standardized Normal Distribution

A(z) is the integral of the standardized normal distribution from −∞ to z (in other words, the area under the curve to
the left of z). It gives the probability of a normal random variable not being more than z standard deviations above its
mean.
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2 t Distribution: Critical Values of t
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3 F Distribution: Critical Values of F (5% significance level)
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F Distribution: Critical Values of F (5% significance level) continued
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4 χ2 (Chi-Squared) Distribution: Critical Values of χ2

Values χ2
k,p of x for which P(X > x) = p, when X is χ2

k and p = 0.995, p = 0.975, etc.

5 Wilcoxon Rank Sum Test Critical Values (2.5%)
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6 Wilcoxon Signed Rank Test Critical Values (2.5%)
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