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In fact, the area under the curve gives us the 
probability of occurrence or confidence level

A characteristic of all Gaussians is that the total 
area under its curve is 1, i.e.
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What if we were to limit ourselves to ±α ?

► Probability that your data lies between ±σ of the true value 
µ is 68.3%

► You are 68.3% confident that your data lies within ±σ of the 
true value

f(z)

z-3 -2 -1 0 1 2 3 = |(x - µ)/σ|
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𝑓𝑓 𝑧𝑧 𝑑𝑑𝑑𝑑 = 0.683
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What is the probability that your data lies outside 
of ±3α?

Probability that your data lies beyond ±3σ is 0.3% 

Highly unlikely!

Outlier!

f(z)

z-3 -2 -1 0 1 2 3 = |(x - µ)/σ|
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𝑓𝑓 𝑧𝑧 𝑑𝑑𝑑𝑑 = 0.003
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As an engineer, you need to make a decision on 
when to throw out your data:

Beyond ±σ ➔ 1 - 0.683 = 0.317 or 31.7%

±2σ ➔ 1 - 0.95 = 0.05 or 5%

±3σ ➔ 1 – 0.997 = 0.003 or 0.3%

f(z)

z-3 -2 -1 0 1 2 3

f(z)
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Z-Distribution Table: Area under the Gaussian Curve…

How do we use
this table?

𝑧𝑧 =
𝑥𝑥 − 𝜇𝜇
𝜎𝜎
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Z-Distribution Table Area under the Gaussian Curve…

Example

1) What is the area under the curve 
between z = -1.43 and z = 1.43?

Total area = 2(0.4236) = 0.8472

2) What is the significance of this 
area?

84.72% of the population lies
within ± z (or ±1.43 sigma)
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Z-Distribution Table Area under the Gaussian Curve…

Example #2

What range of x will contain 90% of the data?
Total area = 0.90
Table shows on ½ the area➔0.45

z~1.645

x= µ ± zσ ➔ µ − 1.645σ < x < µ + 1.645σ
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Everything that we talked up to now involved a large population, 
and we can accept that the mean value 𝑥̅𝑥 ≈ µ

But!!

How large is large???
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1) Population Distribution

What we have been discussing all this time➔lots of data 
and binned into a histogram

f(x)

xµ

µ = true value (or if you have a really large population, 𝜇𝜇 ≈ 𝑥̅𝑥)

0 = standard of deviation

𝜇𝜇
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2) Sample Distribution

Here, you select a sample of a population

f(x)

x

Sx = standard deviation of sample 
Note: (n-1) = degree of freedom

𝑆𝑆𝑥𝑥 =
(𝑥𝑥1 − 𝑥̅𝑥)2+(𝑥𝑥2 − 𝑥̅𝑥)2+⋯+ (𝑥𝑥𝑛𝑛 − 𝑥̅𝑥)2

𝑛𝑛 − 1

𝑥̅𝑥 = average of sample mean
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Would you expect the sample mean 𝜇𝜇 =  �𝑥𝑥?

Would you expect Sx = σ  ?

No!!!

But you would expect the values to be close, i.e. 

Two questions about the sample distribution…

𝜇𝜇 ≈  � 𝑥𝑥         𝑆𝑆𝑥𝑥  ≈  𝜎𝜎
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A series of questions…

✓ What happens if we change the sample size from which 
we construct the sampling distribution

➔The larger the sampling size, the better estimate of the 
population mean

✓ How are µx and σx related to µ and σ, respectively?
➔µx = µ and σx = σ/√n where n is the sample size not
the population

✓ Can your sampling size, n, be just a single element or 
number?

➔No. you need to take a sufficient sample of the population
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Let’s go back to our original question:

 How large is large?

Statistically, n > 30
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Let’s go back to our original question:

 How large is large?

Statistically, n > 30

For n < 30, we assume Student t- Distribution
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Gaussian Distribution vs t-Distribution

S = sample standard of deviation
n  = number of samples

𝑧𝑧 =
𝑥𝑥 − 𝜇𝜇
𝜎𝜎

𝑡𝑡 =
𝑥̅𝑥 − 𝜇𝜇

�𝑆𝑆 𝑛𝑛
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Let’s do a specific example…
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You have a random number of weights, of which you select 
a sample to weigh. The weights are the following (kg):

1.08 1.03 0.96 0.95 1.04
1.01 0.98 0.99 1.05 1.08
0.97 1.00 0.98 1.01

Based on this sample, what is the 95% confidence interval 
for the true mean value, µ?
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ν = (n−1) “degrees of freedom”

 α is confidence interval
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𝑛𝑛 = 14 < 30 𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 − 𝑡𝑡 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡
ν = 𝑛𝑛 − 1 = 13

 
Calculate 𝑥̅𝑥 𝑎𝑎𝑎𝑎𝑎𝑎 𝑆𝑆𝑥𝑥

          𝑥̅𝑥 =  ∑𝑖𝑖=114 𝑥𝑥𝑖𝑖
𝑛𝑛

 = 1.009 kg

𝑆𝑆𝑥𝑥 = (𝑥𝑥1−𝑥̅𝑥)2+(𝑥𝑥2−𝑥̅𝑥)2+⋯
𝑛𝑛−1

 = 0.4178

For 95% confidence level

α = 0.025 , from the table using ν = 𝑛𝑛 − 1 = 13

               
                              = 2.160

𝑡𝑡 =
𝑥̅𝑥 − 𝜇𝜇

�𝑆𝑆 𝑛𝑛

𝜇𝜇 = 1.00 ± 0.24
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Propagation of Error
Our goal here is to determine the total error of something 
that is a function of a number of independent variables

y (x1±u1, x2±u2, x3 ±u3, …) 

un = uncertainty or error for xn
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Intuitively, where does this come from?

► Partial derivative is a “weighting factor” that gives us the 
importance of that particular term

► Each variable and corresponding error is an independent 
vector➔adding vectors to get magnitude
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► We have focused on random errors, which leads to data 
being a Gaussian distribution➔Precision

► You can also have systematic errors (Biased)?

► What if you have both precision and biased errors?
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