
The Fourier Series & Transforms

Equation Discrete Time Continuous Time

Fourier Series (Analysis) Xk =
1
N

P
n2hNi x(n)e

�ik!0n Xk =
1
T

R
hT i x(t)e

�ik!0tdt

Inverse Fourier Series (Synthesis) x(n) =
P

k2hNi Xke
ik!0n x(t) =

P1
k=�1 Xke

ik!0t

DFT (Analysis) X[k] =
1
N

PN�1
n=0 x(n)e

�ik!0n N/A

Inverse DFT (Synthesis) x(n) =
PN�1

k=0 X[k]e
ik!0n N/A

Fourier Transform (Analysis) X(!) =
P1

n=�1 x(n)e
�i!n

X(!) =
R1
�1 x(t)e

�i!t
dt

Inverse Fourier Transform (Synthesis) x(n) =
1
2⇡

R
h2⇡i X(!)e

i!n
d! x(t) =

1
2⇡

R1
�1 X(!)e

i!t
d!

Z-Transform X(z) =
P1

n=�1 x(n)z
�n

N/A

Note: hpi represents a period of p (e.g. (�1
2p,

1
2p) or (0, p)). For the equations, ! $ 2⇡f , !0 $ 2⇡f0, and

T =
1
f0

=
2⇡
!0

or N =
1
f0

=
2⇡
!0
.

Fourier Series Properties

Property DTFS CTFS

Linearity
↵x(n)

F ! ↵Xk

x(n) + y(n)
F ! Xk + Yk

↵x(t)
F ! ↵Xk

x(t) + y(t)
F ! Xk + Yk

Convolution (x ⇤ y)(n) F ! Xk · Yk (x ⇤ y)(t) F ! Xk · Yk

Time Reversal x(�n) F ! X�k x(�t) F ! X�k

Conjugation x
⇤
(n)

F ! X
⇤
�k x

⇤
(t)

F ! X
⇤
�k

Conjugate Symmetry x(n) 2 R () Xk = X
⇤
�k x(t) 2 R () Xk = X

⇤
�k

Real and Even x Real and even Xk

Real and Odd x Imaginary and odd Xk

Imaginary and Even x Imaginary and even Xk

Imaginary and Odd x Real and odd Xk

Time Shift x(n� n0)
F ! e

�ik!0n0Xk x(t� t0)
F ! e

�ik!0t0Xk

Parseval’s
1
N

P
n2hNi

|x(n)|2 =
P

k2hNi
|Xk|2 1

T

R
hT i |x(t)|

2
dt =

1P
k=�1

|Xk|2

Poisson’s

1P
l=�1

�(n� lN) =
1
N

P
k2hNi

e
ik!0n

1P
l=�1

�(t� lT ) =
1
T

1P
k=�1

e
ik!0t

1

 



Fourier Transform Pairs

Pairs Discrete Time Continuous Time

Constant 1
F ! 2⇡

1P
k=�1

�(! � 2⇡k) 1
F ! 2⇡�(!)

Complex

Exponential
e
i!0n F ! 2⇡

1P
k=�1

�(! � !0 � 2⇡k) e
i!0t F ! 2⇡�(! � !0)

Exponential ↵
n
u(n)

F ! 1
1�↵e�i! , |↵| < 1 e

�↵t
u(t)

F ! 1
i!+↵ ,Re(↵) > 0

Delta �(n)
F ! 1 �(t)

F ! 1

Shifted Delta �(n� n0)
F ! e

�i!n0 �(t� t0)
F ! e

�i!t0

Rect in Time

x(n) =

(
1 n 2 {�M, . . . ,M}
0 otherwise

X(!) =

8
<

:

sin((
2M+1

2 )!)

sin(!/2)
! 6= 0

2M + 1 ! = 0

x(t) =

(
1 |t|  B

0 |t| > B

X(!) = 2B sinc
�
B
⇡ !

�

Rect in Freq.

f(n) =
!0
⇡ sinc

�
!0
⇡ n

�

F (!) =

(
1 ! 2 [�!0 + 2⇡k,!0 + 2⇡k]

0 otherwise

f(t) =
!0
⇡ sinc

�
!0
⇡ t

�

F (!) =

(
1 ! 2 [�!0,!0]

0 otherwise

Delta Train

s(n) =

1P
l=�1

�(n� lN)

S(!) =
2⇡
N

1P
k=�1

�(! � k
2⇡
N )

s(t) =

1P
l=�1

�(t� lT )

S(!) =
2⇡
T

1P
k=�1

�(! � k
2⇡
T )

Note: ! = 2⇡f .

Important Equations

Name Equation

Sinc sinc(x) =

(
sin(⇡x)

⇡x x 6= 0

1 x = 0

Euler’s e
i!

= cos(!) + i sin(!)

Inverse Euler’s
cos(!) =

1
2 (e

i!
+ e

�i!
)

sin(!) =
1
2i (e

i! � e
�i!

)

Infinite Geometric Series Summation

1P
k=0

ar
k
=

a
1�r |r| < 1

Finite Geometric Series Summation

nP
k=0

ar
k
=

a�arn+1

1�r r 6= 1
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Fourier Transform Properties

Property DTFT CTFT

Linearity
↵x(n)

F ! ↵X(!)

x(n) + y(n)
F ! X(!) + Y (!)

↵x(t)
F ! ↵X(!)

x(t) + y(t)
F ! X(!) + Y (!)

Convolution (x ⇤ y)(n) F ! X(!)Y (!) (x ⇤ y)(t) F ! X(!)Y (!)

Modulation x(n)y(n)
F ! 1

2⇡ (X ~ Y )(!) x(t)y(t)
F ! 1

2⇡ (X ⇤ Y )(!)

Downsampling x(an)
F ! 1

a

a�1P
k=0

X
�
!�2k⇡

a

�
, a 2 Z+

x(at)
F ! 1

|a|X
�
!
a

�

Upsampling

(
x
�
n
a

�
a | n

0 a - n
F ! X(a!), a 2 Z+

x
�
t
a

� F ! |a|X(a!)

Time-Reversal x(�n) F ! X(�!) x(�t) F ! X(�!)

Conjugation x
⇤
(n)

F ! X
⇤
(�!) x

⇤
(t)

F ! X
⇤
(�!)

Conjugate Symmetry x(n) 2 R () X(!) = X
⇤
(�!) x(t) 2 R () X(!) = X

⇤
(�!)

Real and Even x Real and even X(!)

Real and Odd x Imaginary and odd X(!)

Imaginary and Even x Imaginary and even X(!)

Imaginary and Odd x Real and odd X(!)

Time Shift x(n� n0)
F ! e

�i!n0X(!) x(t� t0)
F ! e

�i!t0X(!)

Frequency Shift e
i!0nx(n)

F ! X(! � !0) e
i!0tx(t)

F ! X(! � !0)

Time Di↵erentiation N/A
d
dtx(t)

F ! i!X(!)

Freq. Di↵erentiation nx(n)
F ! i

d
d!X(!) tx(t)

F ! i
d
d!X(!)

Accumulation/Integration

nP
k=�1

x(n)
F !

X(!)
1�e�i!+

⇡X(0)

1P
k=�1

�(! � 2⇡k)

R t

�1 x(⌧)d⌧
F ! X(!)

i! + ⇡X(0)�(!)

Parseval’s

1P
n=�1

|x(n)|2 = 1
2⇡

R
h2⇡i |X(!)|2d!

R1
�1 |x(t)|2dt = 1

2⇡

R1
�1 |X(!)|2d!

Duality
x(n)

DTFT ! X(!)

X(t)
CTFS p=2⇡ ! Xk =x(�k)

x(t)
F ! X(!)

X(t)
F ! 2⇡x(�!)

Note: (X~Y )(!) is the circular, or periodic convolution of X(!) and Y (!). This is equivalent to convolving

Y (!) with one 2⇡ period of X(!) (and the rest of X(!) zeroed out), or vice versa. a | n means n is divisible

by a, and a - n means n is not divisible by a.

3



Z-Transform Properties & Pairs

Property Z-Transform Region of Convergence

Linearity ↵x(n) + �y(n)
Z ! ↵X(z) + �Y (z) ◆ RoC(x) \ RoC(y)

Time Shift x(n� n0)
Z ! z

�n0X(z) RoC(x) except

(
z = 0 n0 > 0

z =1 n0 < 0

z Scaling a
n
x(n)

Z ! X
�
z
a

�
|a| · RoC(x)

Time Reversal x(�n) Z ! X(z
�1
) 1/RoC(x)

Convolution (x ⇤ h)(n) Z ! X(z)H(z) ◆ RoC(x) \ RoC(h)

Conjugation x
⇤
(n)

Z ! X
⇤
(z

⇤
) RoC(x)

Conjugate Symmetry x(n) 2 R F ! X(z) = X
⇤
(z

⇤
) RoC(x)

z Di↵erentiation nx(n)
Z ! �z dX(z)

dz RoC(x)

Initial Value Theorem x(n) = 0, 8n < 0
Z ! limz!1 X(z) = x(0)

Outside the outermost pole,

out to, and including, +1

Signal Z-Transform Region of Convergence

�(n) 1 {z 2 C}

�(n� n0) z
�n0 {z 2 C} except

(
z = 0 n0 > 0

z =1 n0 < 0

u(n)
1

1�z�1 {z 2 C | |z| > 1}

�u(�n� 1)
1

1�z�1 {z 2 C | |z| < 1}

a
n
u(n)

1
1�az�1 {z 2 C | |z| > |a|}

�anu(�n� 1)
1

1�az�1 {z 2 C | |z| < |a|}

na
n
u(n)

az�1

(1�az�1)2 {z 2 C | |z| > |a|}

�nanu(�n� 1)
az�1

(1�az�1)2 {z 2 C | |z| < |a|}

cos(!0n)u(n)
1�cos(!0)z�1

1�2 cos(!0)z�1+z�2 {z 2 C | |z| > 1}

sin(!0n)u(n)
sin(!0)z�1

1�2 cos(!0)z�1+z�2 {z 2 C | |z| > 1}

a
n
cos(!0n)u(n)

1�a cos(!0)z�1

1�2a cos(!0)z�1+a2z�2 {z 2 C | |z| > |a|}

a
n
sin(!0n)u(n)

a sin(!0)z�1

1�2a cos(!0)z�1+a2z�2 {z 2 C | |z| > |a|}
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