The Fourier Series & Transforms

Equation Discrete Time Continuous Time
Fourier Series (Analysis) Xy =+ D ne (N z(n)e~tkwon X = %f<T> x(t)e~hwotdt
Inverse Fourier Series (Synthesis) 2(n) = D geqyy Xpe™or z(t) =S 0 Xyetkwot
DFT (Analysis) X[k =+ SOV w(n)etheon N/A
Inverse DFT (Synthesis) x(n) = ]kV;Ol X [k]ethwon N/A
Fourier Transform (Analysis) Xw)=>0_  zn)e ™  X(w)= [ x(t)e™dt

x(n) = 5 f<2w>X(w)ei””dw 2(t) = & [ X(w)e™!dw

2

Inverse Fourier Transform (Synthesis)

Z-Transform X(z)=>1" _x(n)z™ N/A

Note: (p) represents a period of p (e.g. (—%p, %p) or (0,p)). For the equations, w <> 27f, wy <> 27 fy, and

1 _ 2z _ 1 _ 2
T—%—w—OOI'N—%—w—O
Fourier Series Properties
Property DTFS CTFS
(n) <2 aX, (t) <5 aX
Linearity arin i Ak ax B aXy
Convolution (x xy)(n) s X Y (xxy)(t) s X Y
: F F
Time Reversal x(—n) <— X_; x(—t) «— X g
: : F F
Conjugation z*(n) «— X*, r*(t) «— X*,
Conjugate Symmetry z(n) ER «— X, =X", z(t) eR —= X =X",

Real and Even x Real and even X,

Real and Odd = Imaginary and odd X}

Imaginary and Even x Imaginary and even X

Imaginary and Odd x Real and odd X}

Time Shift x(n — ng) PN e~ thwono X7, z(t —to) PN e~ kwoto X,
Parseval’s < > |z = Y Xk 7 Jory l2()Pdt = _z: | X5 |?
ne(N) ke(N) k=—o00
Poisson’s > d(n—IN)=+ > elkwon St —IT) =1L > etk
l=—o00 ke(N) l=—o00 k=—o00




Fourier Transform Pairs

Pairs Discrete Time Continuous Time
Constant 1<% 2 i §(w — 27k) 15 27 (w)
k=—o0
Esgé?lzi?al eon Ly o k:ioo dw — wo — 27k) et ¢T3 2m6(w — wp)
Exponential amu(n) +I =L, o] < 1 e~tu(t) « 7 L Re(a) > 0
Delta 5(n) <2 1 5(t) «I5 1

Shifted Delta

Rect in Time

Rect in Freq.

§(n — ng) <2 e—iwmo

x(n):{l ne{=M,. .. M}

0 otherwise

sin((24H)w)
X(w) = sin(w/2) w70
2M +1 w=70

f(n) = “2sinc (“2n)
F(w) 1 we [—wy+ 21k, wy + 27k]
w) =
0 otherwise

S(t — to) 1 e~

1 [t|<B
2(t) =
0 |t|>B

X(w) = 2Bsinc (%w)

= “’0 smc “0 t)

1 w € [—wp,wo

/—/H

0 otherwise

s(n)= >, 6(n—IN) s(t)y= >, 6(t—1IT)
Delta Train == =70
Sw)=F X dw-kF) Sw)=F ¥ dw—-kF)
k=—00 k=—00
Note: w =27f.
Important Equations
Name Equation
sin(7x) 0
Sinc sinc(z) = { o U7
1 x=0
Euler’s e = cos(w) + i sin(w)
_ 1/ iw —iw
Inverse Euler’s cos(w) = ? (ew + €_M>
sin(w) = 5 (e —e™™)

Infinite Geometric Series Summation

Finite Geometric Series Summation

Ir] <1




Fourier Transform Properties

Property DTFT CTFT
Linearity az(n) <—> aX(w) ax(t) N aX(w)
F
z(n) +y(n) <= X(w) +Y(w) z(t) +y(t) «— X(w) +Y(w)
Convolution (z % y)(n) + X (W)Y (w) (z xy)(t) ¢ X (W)Y (w)
Modulation z(n)y(n) <— PN (X ®Y)(w) x(t)y(t) PN (X *Y)(w)
Downsampling z(an) +Z %:Z_DIX (&=22) a e ZT z(at) +2 ‘(11|X (2)
Upsampling {:g (2) ZJ{Z s X(aw), a € T+ z (1) s al X (aw)
Time-Reversal x(—n) N X(—w) x(—t) PN X(—w)
Conjugation z*(n) PN X*(—w) x*(t) RN X*(—w)
Conjugate Symmetry z(n) e R <= X(w) = X*(—w) z(t) eR —= X(w)=X"(—w)

Real and Even x Real and even X (w)

Real and Odd x Imaginary and odd X (w)

Imaginary and Even x Imaginary and even X (w)

Imaginary and Odd x Real and odd X (w)

Time Shift z(n — ny) N e X (w) x(t — to) N e X (w)
Frequency Shift e“onx(n) N X(w —wp) ety (t) N X(w — wp)
Time Differentiation N/A La(t) s iwX (w)
Freq. Differentiation nx(n )<i> i-L X (w) tz(t) PN i1 X (w)
X(w) +
: . U F Lem™ ¢ X(w)
Accumulation/Integration kzz_joox(n) ey TX(0) S 8(w — 20k) J. . x(r)dr N + 71X (0)d(w)
k=—0o0
Parseval’s > |z(n)? =5 = Joom [ X (W) [Pdw 2 @) Pdt = 5= [T | X (w)[Pdw
7 DTFT F
Duality z(n) +— X(w) z(t) «— X(w)

X(t) TEET X, =a(—k) X(t) <% 2m2(—w)

Note: (X ®Y)(w) is the circular, or periodic convolution of X (w) and Y (w). This is equivalent to convolving

Y (w) with one 27 period of X (w) (and the rest of X (w) zeroed out), or vice versa. a | n means n is divisible
by a, and a f n means n is not divisible by a.



Z-Transform Properties & Pairs

Property Z-Transform Region of Convergence
Linearity azx(n) + By(n) PN aX(z)+ pY (2) 2 RoC(z) N'RoC(y)
Time Shift x(n —ng) PN 27" X (2) RoC(x) except {z z 20 Zz z 8
z Scaling a"z(n) S X (2) la| - RoC(x)

Time Reversal z(—n) ¢ X (271 1/RoC(z)

Convolution

Conjugation

Conjugate Symmetry

z Differentiation

Initial Value Theorem

(z % h)(n) 2 X (2)H(2)

2 (n) <25 X*(2*)

z(n) € R <25 X(2) = X*(2%)

nx(n) PN —z%ﬁz)

z(n)=0,Yn <0 <5 lim, o X(z)

2O RoC(z) N RoC(h)
RoC(z)
RoC(x)

RoC(x)

Outside the outermost pole,
out to, and including, +oo

Signal Z-Transform Region of Convergence
5(n) 1 {z € C}
§(n —ng) P {z € C} except {j z (c)>o ZZ Z 8
u(n) — {zeC||z| > 1}
—u(—n —1) — {zeC||z[ <1}
a"u(n) —L {z€C|l[z] > lal}
—a™u(—n — 1) —L {zeCJlz| <lal}
na"u(n) (lsz__ll)z {z€CJ | >al}
—na"u(—n — 1) % {zeC|lz] <lal}

cos(won)u(n)
sin(won)u(n)
a" cos(won)u(n)

a" sin(won)u(n)

1—cos(wp)z ™!

1—2cos(wp)z— 14272

sin(wp)z !

1—2cos(wp)z—1+272

1—acos(wp)z !

1—2a cos(wp)z~14a22—2

asin(wp)z~?!

1—2a cos(wp)z—14+a2z—2

{zeC|lz| > 1}
{z€C||z| > 1}
{z€CJlz] > |al}

{zeCJlz[ > |al}




